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Abstract i

Abstract

Modern AI systems are only as fair as the data they learn from. If a dataset contains biases, subtle
or undisguised, the resulting models often re�ect and reinforce them. This work introduces an open-
source prototype to detect such biases at the data level. This enables bias-aware decisions regarding
further data processing or model design before harmful data properties propagate into machine learn-
ing models. Utilizing rule-based fuzzy inference and extensive �ltering built around Lasso regression
and association rule learning techniques, the tool systematically extracts interpretable patterns that
highlight potential unfairness or inconsistencies in datasets.

In contrast to classical fairness metrics, which quantify disparities and do not explain their cause,
or classical fuzzy rule-based methods, which do not focus on fairness and limit the rule-bases, this
approach aims to discover and quantify all possible bias-inducing rules. The system exhaustively
generates and carefully �lters all potential rules up to a given complexity threshold. Statistical
signi�cance testing ensures that the remaining rules are not merely artifacts but genuinely meaningful
in explaining the dataset. This rigorous �ltering allows the approach to also detect subtle, indirect
biases that conventional methods are likely to overlook.

Experiments on synthetic and real-world datasets validate the method and reveal gender-based salary
biases, socio-economic impacts on housing prices as well as other structured phenomena hidden in
data. Compared to classical rule-based strategies, the method in this work favors inclusiveness over
brevity, allowing critical, albeit subtle, patterns of biases to be discovered.

Rather than assuming the dataset represents an absolute truth, our approach focuses on identifying
potential errors and biases by extracting if-then rules that reveal the underlying mechanisms behind
these distortions. This work o�ers a tool for researchers, auditors and machine learning practitioners
looking to understand and mitigate biases at their source � before they become embedded in models
that in�uence real-world decisions.
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1 Introduction and Motivation

Ensuring fairness in AI-driven decision-making starts with understanding the data from which models
learn. If a dataset contains undesired properties, whether explicit or subtle, the resulting models are
likely to maintain and even amplify these properties. This thesis presents a method for systematically
uncovering such patterns in datasets and serves as a technical extension, describing the concrete
implementation in our previous publication [1], which focuses on the general methodology.

While fuzzy rule-based explanations with regression have been explored in previous research, for
instance by Cichy et al. [2, 3], our goal is to enhance the robustness of these techniques and to
improve the accessibility. To achieve this, we propose an open-source prototype under the GPLv3
license [4], designed to be both user-friendly and executable directly in a web browser1 [5]. For
client-server use cases and improved performance, a Node.js-based (API) implementation is also
available. In this work, we explicitly describe commit b338d80 of [5], leaving the repository up to
future changes, such as (but not limited to) those outlined in Section 6.2.

Nonetheless, it is important to emphasize that the method proposed in [1] is more general and
requires a concrete way of modelling a rule as a mathematical basis function for the use in regression.
Therefore, this work represents one concrete implementation that builds upon the well-established
Fuzzy Inference Systems (FIS) described in Section 2.1.

As Mehrabi et al. [6] de�ne it, bias in Machine Learning (ML) commonly stems from unfair or
undesired properties inherent in datasets. In decision-making scenarios, this can lead to discrimi-
nation against certain groups. Unwanted biases manifest in various forms, and ML methods may
inadvertently perpetuate them [7]. Some of these e�ects remain subjects of ongoing research and
can be challenging to detect [6, 8, 9]. This issue is part of the broader �eld of eXplainable Arti�cial
Intelligence (XAI), which focuses on providing explanations and interpretability for datasets, models
and their outputs. The described method is applied at the preprocessing stage of a ML project, as
it focuses on the data and is independent of the model application, which will be performed once
the dataset can be assumed not to contain harmful biases.

Figure 1.1: Recovering data generation rules expressed in natural language

1https://xai.martin-dallinger.me

https://xai.martin-dallinger.me
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The prototypical process when using this method is displayed in Figure 1.1. One aims to ana-
lyze datasets with numeric target variables by modeling rules that may have generated them and
assessing their respective statistical signi�cance. This enables the discovery of unfair patterns or
inconsistencies in data generation processes, which is the main objective of this work and presents
a di�erent challenge from merely explaining individual records. For instance, in a loan approval
setting, a loosely de�ned policy might give bank sta� a degree of discretion, possibly leading some
to favor certain customer groups. Such decision-making tendencies could be identi�ed with this tool
if the collected data re�ects these in�uences.

An exemplary analysis in the web application is presented in Figure 1.2 with the �biased salaries�
dataset from Section 1.4.2. The con�guration parameters for the software are described in Section
7.2 (Appendix) and we will go through them step by step when we get into the details of the method.
It is important to note that when the tool recovers the rules that correspond to the data generation
process, one should not think that their objective is to explain the data as an absolute truth. Instead,
their objective is to show the hidden discrepancies and biases.

Figure 1.2: Image of the application with results from the biased salaries dataset (Section 1.4.2)

1.1 Related Work

Conventional fairness metrics (e.g., disparate impact or equality of opportunity [10]) quantify di�er-
ences in outcomes � such as error rates or decision thresholds � across various groups de�ned by
protected attributes or by comparing well- and underrepresented groups. However, these statistical
measures do not explain the cause of biases. XAI techniques and rule-based systems have thus been
leveraged to extract interpretable conditions under which biases emerge [11].

Some of these rule-based systems try to extract logical rules from data for describing relationships
between the inputs and the outputs [12], thereby viewing the data as �ground truth�. One classical
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approach that infers rules is the Wang-Mendel procedure [13], originally developed for FIS. This
method automatically generates a relatively compact set of fuzzy if-then rules from numerical data,
optionally combined with expert-de�ned rules, to construct a knowledge base for inference. While
the Wang-Mendel approach is a prominent procedure for learning interpretable rule-based models,
it does not focus explicitly on bias detection, as the primary objective is function approximation.
Although this strategy is e�cient, a main shortcoming of this and similar methods is that they might
be overly data-speci�c in the sense that they commonly only consider single dataset entries in their
ruleset creation. Therefore, unwanted dataset properties (like biases) and other data generation
rules, where no single entry of the dataset directly represents the bias but a more abstract, holistic
view is required, are likely to remain hidden [1]. This issue is further compounded by the fact that
unknown biases can render the assumption of data as �ground truth� inappropriate. Moreover, not
all rule inference methods provide a quanti�cation for the importance of a rule to the extent of
employing statistical signi�cance tests for determining whether speci�c rules indeed have an e�ect
in the context of the entire dataset.

Other approaches, such as Fuzzy Rule Learning through Evolution for Regression (FRULER) [14]
or other genetic algorithm-based methods as proposed by Cintra et al. [15], iteratively build rule
bases, partially with advanced forms of Takagi-Sugeno-Kang (TSK) systems. In contrast, the method
presented in this work explicitly targets bias detection by considering a broad spectrum of all possible
rules, rather than limiting itself to a set of rules that appear directly in individual data records and
strategically evolving this set. Through multiple �ltering techniques � like Least Absolute Shrinkage
and Selection Operator (Lasso) regression for sparsity, and statistical testing for rule signi�cance �
this procedure, which is based our previous work [1], performs more than the simple discovery of
patterns. Rather, it enables one to quantitatively assess which rules are biasing the outcome and
to �nd statistically signi�cant inconsistencies in a dataset. Therefore, the approach outlined in this
thesis di�ers from previous work conducted in the realm of rule inference.

Although �tting all possible rules up to a prede�ned complexity threshold is computationally de-
manding, it provides a formal guarantee that all potential rules are considered, which may uncover
hidden biases or other interesting patterns in the data. Moreover, whenever two di�erent rules have
the same mathematical representation on the entire dataset, our method lists both variations. Con-
sequently, more runtime-e�cient rule-generation methods, such as Wang-Mendel, may fail to detect
certain indirect biases that this approach can reveal.

Beyond fuzzy systems, other rule-based bias detection methods have been proposed [16, 17, 18]. A
prominent approach is to mine classi�cation or association rules from decision-making datasets to
identify discriminatory patterns. Pedreschi et al. [17] formalize discrimination discovery by extract-
ing classi�cation rules that unveil �contexts of unlawful discrimination�, quantifying the burden on
protected groups via extended lift measures. This rule-based method also isolates particular combi-
nations of attributes, which are associated with biased decisions, but tends to output long rule sets
and does not assess them for statistical signi�cance, leading to challenges in interpretability. Addi-
tionally, some paradigms are focused on biased model decisions and do not directly consider unfair
patterns on datasets. This thesis highlights bias in raw data by listing weighted rules, independent
of the applied AI model.

Meanwhile, model-agnostic XAI techniques have been leveraged to audit bias from a di�erent per-
spective. Feature attribution methods such as SHAP [19] and LIME [20] highlight which �elds most
in�uence a model's predictions for di�erent groups, potentially exposing indirect bias. However,
these are post-hoc evaluations: They operate on trained models and o�er little guidance in terms of
dataset bias analysis before model selection.
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Brie�y summarized, existing work mostly focuses on e�cient rule generation (Wang-Mendel), dis-
crimination discovery in the decision outcome (rule mining) and post-hoc feature importance (SHAP
/ LIME), while this method rethinks these ideas in a preprocessing bias detection framework

with a focus on completeness and formal statistical backing. It achieves this goal by generating a
vast amount of rules and �ltering the majority of them with heuristics from di�erent areas. This
enables revealing and quantifying biased or contradictory dataset patterns prior to model training.

1.2 Notation and Symbols

To maintain consistency and avoid confusion, we adopt terminology and variable names (listed in
Table 1.1) similar to those used in our original work [1]. Let us agree to use the following conventions:

� Scalars are represented by lowercase letters.

� Vectors are denoted by lowercase boldface letters. Nonetheless, when accessing the i-th element
of a vector v the result is a scalar and also the symbol denoting the vector is not printed in
bold font, i.e., denoted vi.

� Sets are indicated by uppercase letters.

� Matrices are represented by uppercase boldface letters.

For instance, consider a matrix M. We write M = (mij), to make its ij-th entry explicit, where the
�rst index (i) always represents the row and the second index (j) refers to the column. In addition:

� mi,. denotes the i-th row (vector) of M,

� m.,j denotes the j-th column (vector) of M,

� An index with a minus sign indicates exclusion. For instance, M.,−i is the matrix M with its
i-th column removed. Therefore, M.,−i can be represented as follows:

M.,−i = (m.,1, . . . ,m.,i−1,m.,i+1, . . . ,m.,n) when M has n columns.

Further note that, in this work, the set N is de�ned as the set of all strictly positive integers (excluding
0) and that R+ comprises all non-negative real numbers, which in turn includes zero.

The provided data, supplied in the form of a Comma-Separated Values (CSV)-�le, consists of a set of
records, where rows (excluding the header) and columns (including the target variable) are mapped
into the data matrix D. Each row in the CSV-�le represents a record, while the header contains
the names of both the �elds (independent variables) and the strictly numerical target (response)
variable. For example, in a loan approval dataset, each record might represent an applicant, with
�elds such as the applicant's age or gender, while the target variable could indicate the approved
loan amount.

We can quickly observe that D ∈ T n×(k+1), where n is the number of records and k is the number
of �elds; an additional column represents the target variable. Here, the symbol T is still an abstract
type, as the data may contain textual information for categorical variables as well, which we later
also map to numbers. Thus, after all preprocessing steps have been applied, T = R.

To ful�ll the assumptions of the later statistical techniques, the target variable vector y ∈ Rn,
containing the values of the target variable for all (n) records, is normalized using the z-score
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method [21] before being stored in D.

The k independent variables of the i-th record are described by the i-th row xi,. ∈ Rk of the matrix
X = (xij) ∈ Rn×k. Together with the corresponding target variable the i-th row of D is constructed
as follows: di,. = (xi1, xi2, . . . , xik, yi).

Table 1.1: List of symbols in alphabetical order (based on Rass et al. [1])

Symbol Meaning

bj : Rk → R single basis function that embodies the j-th
if-then rule providing a logic-based description
of a pattern that we seek to uncover; as stated
in [1], the general method is not restricted to
FIS but this implementation uses them

D ∈ Rn×(k+1) data matrix containing the records in its rows;
the i-th row (di,.) containing the independent
variables xi,. and a single response variable
(label) yi, which are concatenated to
di,. = (xi1, xi2, . . . , xik, yi)

G ∈ Rn×m design matrix introduced in Section 2.2 and
visualized in Equation (2.6) containing all rule
outputs for all records in numerical form

k ∈ N number of �elds (independent variables)
m ∈ N number of basis functions (rules), including the

constant intercept
n ∈ N number of records (rows) in D

tmax ∈ N maximum iterations of Lasso Coordinate
Descent (Algorithm 1)

α ∈ (0, 1) signi�cance level used for statistical testing; the
null hypothesis H0 : βi = 0 is used to test
whether the i-th basis function has a signi�cant
contribution

β ∈ Rm vector of coe�cients; βi is the Lasso coe�cient
which is multiplied by the i-th basis function
(rule)

ϵ ∈ R+ convergence threshold for the Lasso solution in
Algorithm 1

κ ∈ N number of antecedents (if-parts) that are
combined at most in the rule construction
process (Section 2); also referred to as the
system parameter �Antecedent-Combinations�
(Parameter 4 in Figure 7.12)

λ ∈ R+ Lasso regularization parameter, introduced in
Section 4

1.3 Overview of the Work�ow

Our approach involves trying to �t all possible �fuzzy� if-then rules to approximate the dataset
while accounting for noise, followed by statistical signi�cance testing of these rules. The work�ow
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is compactly illustrated in Figure 1.3, showing how the software iteratively generates and re�nes a
ruleset. In the following sections, we will brie�y introduce the fundamental concepts that form the
building blocks of this method.

definition of
rules / patterns

definition of
vocabulary (linguistic

variables)

fitting the regression
model

automatic:
+ can produce rules to describe unknown
     (even unexpected) patterns
- total number of possible rules infeasibly
     large (super-exponential)

manual:
+ easy specification of rules for known (unwanted) patterns
- can become laborious

domain experts, if available, involved to define categorical terms
(currently done automatically in the implementation)

with lasso regularization

significance testing

explainable model
in "if-then" form

logical consistency
checks on rule set

black- and whitelisting of rules
(manual design choices)

manual revisions of rules

undesired patterns
("if-then form")

found/confirmed?

coefficients indicate importance of each rule 

identifying the data on
which the rules fire

"most"

data cleaning

removal or correction of records

rule cleaning

rule (set) coefficient

if ... then ...
if ... then ...
if ... then ...
if ... then ...

Model, which is:

explainable
possible to debug manually

manual debugging
of the AI model

no yes

manual step automated / standard
procedures output artefact

Legend:
annotation/remark artefact/result

creation 

procedural
next step

significance testing 
of the lasso estimator      

Section 2

Section 2

Section 4

Section 5

Footnote 2 on pg. 37

Section 1.3.2

Figure 1.3: Underlying XAI pipeline of the framework (adapted from Rass et al. [1])

1.3.1 Finding and Filtering Rules to Explain the Data

The phrase ��nding rules� may be misleading, as the tool does not actively search for them, but
rather generates every potential rule up to a prede�ned combination threshold of �if-parts�. For
instance, a threshold value of three would still generate the rule �If A AND B AND C Then D� but
no rules with more complex conditions. After generating all possibilities, the rule's �t to the data is
jointly evaluated. Details on how a rule is mathematically processed are shown in Section 2.

Each mathematical representation of a rule acts as a basis function. Applying basic linear regression
models to these basis functions across all records allows for an initial analysis. However, due to
stability problems, multicollinearity issues and the need to �lter rules, di�erent regression approaches,
including standard linear regression, Ridge regression and Lasso regression have been evaluated. Of
these, the most promising results are obtained with Lasso regression, since it promotes sparsity,
meaning it selects a small, yet meaningful, subset of rules. Additionally, as claimed in [22], the
restriction on the optimization method to supply at least as many data points as basis functions is
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relaxed when choosing Lasso, o�ering greater �exibility in rule selection. The optimization details
are discussed in Section 4.

If requested by the user, a computationally expensive statistical test is applied to the rules. This
process, detailed in Section 5, tests the null hypothesis that the regression coe�cient of a rule is
zero, implying the rule has no e�ect. If the null hypothesis cannot be rejected, the rule may be
considered irrelevant. However, as we cannot establish a strict lower bound on the power of the test,
this serves only as a heuristic guideline. Notably, this limitation does not a�ect rules which reject
the null hypothesis � these indeed likely play an essential role in explaining the data.

1.3.2 Analysis of the Results

Empirical investigations have shown that manually sorting rules by their normalized coe�cients,
reviewing them and checking their signi�cance is an e�ective technique for su�ciently small datasets,
as demonstrated in Section 6.1. However, as the number of the columns in the CSV-�le increases,
making the rule sets more complex, it may be more practical to apply automated techniques for
examining the resulting statistically signi�cant rules with a stringent threshold on the signi�cance
level α. Existing approaches such as model-based diagnosis [23] or con�ict set computation [24], also
highlighted in [1], could be viable but may have to be adapted, since the application of fuzzy rules
does not permit a crisp (Boolean) interpretation of the natural language rules; they should instead
be viewed as correlations [25].

Furthermore, the in�uence of a rule on a speci�c data point may be expressed in terms of relative
contributions from its coe�cients as highlighted in [1]. Speci�cally, one can compute the magnitude
(absolute value) of the weighted basis function for a given record i relative to the sum of all weighted
basis function magnitudes of a record as it is shown in Equation (1.1) (adapted from [1]). Therefore,
the entry in the i-th row and the j-th column of the matrix C = (cij) ∈ Rn×m provides a heuristic
for determining the extent to which the j-th rule contributes to the i-th record's value of the target
variable.

cij =
|βj · bj(xi,.)|∑m
k=1 |βk · bk(xi,.)|

∈ [0, 1] (1.1)

1.4 Examples of Biased Datasets

To ensure the functionality of the project, both synthetic and popular real-world data will be an-
alyzed in Section 6.1. Let us brie�y look over the datasets, from which we will try to extract the
generating rules. Note that the �rst two datasets (sections 1.4.1 and 1.4.2) have been designed and
generated in [1].

1.4.1 Simple Noise Dataset

This dataset is created to obtain a simple robustness veri�cation of the rule extraction process. It
comprises 3000 records with one target variable, �target_generator�, uniformly distributed in the
range [0, 5]. Additionally, four random �elds, �RANDOM1� to �RANDOM4�, are drawn indepen-
dently from a uniform distribution ranging over the interval [−3, 2], introducing noise with a non-zero
mean to test the project's ability to distinguish meaningful patterns from pure uncorrelated noise.
The �nal target variable, �target�, is yielded by the �eld �target_generator� without additional
transformations, keeping the experiment as simple as possible. Hence, this dataset assesses whether
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the rule extraction process correctly identi�es dependencies in the �elds while disregarding random
noise.

1.4.2 Biased Salaries Dataset

The biased salaries dataset [26] is designed to evaluate how well the methodology uncovers systematic
and implicit biases in realistic employment data. It comprises 3000 records with the attributes years
of experience, hiring manager, job position, university reputation, Grade Point Average (GPA) and
gender. In the dataset, gender plays a vital role in the construction of the salary. Speci�cally, female
employees have a reduced likelihood of being assigned to high-paying managerial roles and are on
average assigned less experience. Additionally, one hiring manager exhibits preferential treatment
toward non-binary employees. Base salaries are determined by a weighted linear combination of
experience, university reputation, GPA, job position, additive Gaussian noise with variance σ2 =
1500USD and managerial in�uence, with biases deliberately embedded to test the method's ability
to detect unfair patterns. Hence, there is no explicit rule in the data generation process claiming
that female candidates have a lower salary, but it should still be detected by the software, as this is
implicitly caused.

1.4.3 Boston Housing Dataset

To also examine the results on a non-synthetic dataset, the Boston housing dataset [27] seems to be
a promising candidate, as it is a widely studied real-world dataset that includes socio-economic and
environmental factors as well as housing prices [28, 29, 30]. It consists of 506 records with �elds such
as crime rate, proximity to employment centers, nitric oxide concentration and the proportion of
lower-status individuals in the neighborhood. The target variable represents the median house price
in thousands of dollars. While the original intention of the dataset was to analyze how air quality
correlates with housing prices, as highlighted by the title of the original paper by Harrison et al.
[27], prior analysis has revealed additional insights. Multiple research projects [29, 31] have shown
correlations between socio-economic attributes and housing prices, making it a suitable benchmark
for evaluating the method's capability to detect potential real-world biases.

Furthermore, racial demographics and neighborhood status indicators have been linked to systematic
disparities in property values. Racial segregation is a well-documented phenomenon in cities of the
U.S. [32]. Surprisingly, the analysis in [30] suggests a very slight bias in favor of areas with higher
deviations of black residents from the average after controlling for confounders such as crime rates.
In Section 6.1.3, we will examine if our tool supports this �nding.
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2 Rule Generation and Primitive Regression

The approach is to generate all possible if-then rules subject to a user-de�ned constraint on their
complexity � by limiting the maximum number of combined conditions � since without such
restrictions one could construct arbitrarily complex formulas with n variables. The generated rules
exclusively use the AND operation in the if-part, which, as we will discover later in this Section, does
not negatively impact the expressiveness. After the said rule generation, �ltering, (re-)weighting
and statistical tests are applied to re�ne the ruleset, retaining only those rules with meaningful
relevance in the data. Figure 2.4 illustrates the entire process described in the remaining chapter,
also emphasizing the combinatorial explosion when the system parameter κ for the maximum number
of combined antecedents, �Antecedent-Combinations� (Parameter 4 in Figure 7.12), is increased.

Initially, the columns of a CSV-�le are classi�ed into numerical columns, categorical columns and
a single target column. The primary distinction between numerical and categorical �elds lies in
their membership treatment: Categorical �elds exhibit Boolean membership, whereas numerical
ones involve a degree of membership since a fuzzy-based approach is implemented (cf., Section 2.1).

As shown in Figure 2.4, all possible rules with certain criteria are generated by default. A rule
consists of two components:

� The antecedents represent the if-part of the rule. In some publications, the entire if-part is
referred to as one �big� antecedent � we do not use this convention here. Instead, since in this
work we only apply AND operations between conditions, we call each AND-ed part �antecedent�
and say that a rule has multiple antecedents, which is another commonly accepted practice.

� The consequent is the then-part of the rule, representing the predicted outcome, when the
antecedents are satis�ed.

When it comes to generating rules, an important aspect to consider is avoiding antecedent combina-
tions that are impossible to ful�ll. For instance, demanding a �eld to take on two distinct categorical
values simultaneously is inherently contradictory. However, in the fuzzy case with numerical �elds,
such conditions can still yield valid rules, as further discussed in Section 2.1. This distinction is best
illustrated with an example: A person may be both medium height and tall at the intersection of
fuzzy categories, as natural language descriptions are inherently imprecise. Still, one cannot be both
tall and short at the same time. Therefore, only overlapping fuzzy sets, such as �medium� and �tall�,
should be considered in rule generation to ensure meaningful interpretations. These rules covering
overlapping fuzzy sets are not generated in the original publication [1] but are incorporated into the
software during this work for completeness, hence the results in Section 6 likely deviate from [1].

At this stage, rule generation remains a straightforward combinatorial task, easily implemented using
nested loops with basic validity checks preventing impossible rules. Since the runtime and memory
complexity of this approach is concerning, future revisions of the method may consider employing
more involved approaches. One possible technique for optimizing the rule generation might be an
advanced utilization of constrained Orthogonal Arrays (OAs) [33]. While we will not explore the
details of OAs in this work, one should note that they o�er a systematic method to e�ciently cover
large input spaces with certain constraints, such as combinatorial (e.g., pairwise) coverage for all
value combinations of all �elds. Essentially, one may choose to have a careful trade-o� between
expressiveness in terms of di�erent basis functions and computational complexity. In this work, we
deliberately choose to sacri�ce computation time for completeness. Thus, assuming a su�ciently
large value for the system parameter κ, we have a proper theoretical basis for discovering all possible
unwanted patterns.
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Moreover, note that users may disable automatic rule generation entirely and instead supply their
own rules in the whitelist.

To re�ne the set of rules used in the regression, users can specify a whitelist and a blacklist:

� Whitelisted rules are (almost) always included in the regression, even if their number of an-
tecedents exceeds the system parameter κ. Nonetheless, some �ltering methods proposed in
Section 3 may remove a whitelisted rule before the regression process starts.

� Blacklisted rules are excluded from rule generation.

Note that it is crucial to ensure that the chosen ruleset provides a valid foundation for adequately
explaining the data. If this requirement is not met, or the Lasso regression is not properly con�gured,
the statistical �best �t� may yield misleading conclusions due to a lack of explanatory �exibility.
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Figure 2.4: Rule generation process visualized with annotations for evaluation
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2.1 (Mamdani) Fuzzy Inference Systems

To fully understand how rules operate, we need to examine the process of transforming a natural
language rule into a mathematical basis function suitable for the regression discussed in Section
4. This concrete implementation uses Mamdani FIS to express the basis functions, since they are
well-established and straightforward to encode. Note that this Section builds on our previous work
[35], where more detailed descriptions can be found.

The foundation of FIS lies in fuzzy sets, proposed in 1965 by L.A. Zadeh [36]. By the default
mathematical set membership we refer to binary membership (an element is either in a set or
not), but fuzzy sets have an accompanying Membership Function (MF), which expresses the degree
of membership of a domain element ranging from 0 to 1. For a fuzzy set X over R, the MF
µX : R → [0, 1] could be de�ned as µX(x) = min(x2, 1). Of course, this exemplary µX was merely
chosen for demonstration purposes because it matches typical domains and the co-domain [0, 1]. Note
that such a MF can be arbitrarily complicated and serves as a generalization of Boolean membership.

A degree of membership is useful because natural language is inherently imprecise (e.g., the meaning
of the word �small� varies by context) and real-world problems often involve incomplete information
[37, 38].

Moreover, we can apply logical operations to fuzzy sets, which are predominantly utilized for com-
puting the rule's antecedent. Consider two values y, z ∈ R from the supplied CSV-�le and let Y and
Z be the corresponding fuzzy sets of the antecedent (e.g., �low�). Moreover, the values y and z are
fuzzi�ed with the respective MF µY and µZ . One can express the most basic logical operations as
follows:

� NOT µ¬Y : As µY takes values in [0, 1], a common way to de�ne negation is simply 1−µY (y).
Nonetheless, as highlighted by Dhiman et al. [39], even for this simple operation multiple

techniques exist. For instance, the Yager complement (µ¬Y =
(
1− (µY (y))

δ
) 1

δ ) [40] is a
�exible extension of the above notion of fuzzy negation via a hyperparameter δ ∈ (0, 1].

� OR µY ∪Z : One commonly takes the maximum of the membership degrees: max(µY (y), µZ(z)).
Nonetheless, there are also multiple ways to approach this operation. For instance, a common
alternative is using the so-called algebraic sum approach µY ∪Z = µY (y)+µZ(z)−µY (y) ·µZ(z)
[41], which is similar to the probabilistic sum for the union of independent events.

� AND µY ∩Z : Two widespread ways to encode this are min(µY (y), µZ(z)) and µY (y) · µZ(z).
These operations can be viewed as special cases of the Frank t-norms [42], a parameterized
family of fuzzy conjunctions that generalize the intersection operation by bridging between
di�erent t-norms. K. Wang [43] claims that the latter one (the product) is in many cases more
desirable because of better smoothness conditions (due to di�erentiability).

To encode the if-then rules, we do not use implications, contrary to the way one would typically
encode rules in traditional Boolean logic. Instead, we use FIS, which are regularly used to encode
fuzzy rules [44]. The two most established methods are Mamdani [45] and TSK [46], whose process
is outlined in Figure 2.5. The term linguistic variables in the image describes that there is an
intermediate representation in terms of separate fuzzy sets which is also inherently interpretable. In
the last step of the inference, the Mamdani system transforms the intermediate representation to a
crisp output value, while the TSK system applies a weighted sum aggregation based on how well the
corresponding antecedents match. Without going into further detail regarding the TSK systems,
note that there are many di�erent degrees of freedom in de�ning those systems. The Mamdani



Rule Generation and Primitive Regression 13

systems are simpler to construct as they do not require choosing polynomials for fuzzy rule outputs,
hence the design choice is taken in favor of them.

Figure 2.5: A high-level comparison between Mamdani and TSK systems (taken from [35])

Figure 2.6: Exemplary Mamdani FIS employing COG [47] defuzzi�cation (taken from [35])

To generally illustrate Mamdani FIS, a small exemplary inference system that models the estimate
for a placement in a (hacking) competition is depicted in Figure 2.6. First, for the fuzzi�cation step,
one can observe that there are three manually de�ned fuzzy sets for each �eld. In this example, they
are simple geometric shapes but, of course, one may choose more sophisticated MFs. The software,
however, also only uses equidistantly spaced triangles for simplicity in the fuzzi�cation and in the
later defuzzi�cation stage, as can be observed in Figure 2.7. Users can choose if 3, 5, 6 or 7 triangles
should be used � separately for fuzzi�cation and the defuzzi�cation � with the respective fuzzy
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sets listed in Table 2.2. The arrows in the fuzzi�cation section of Figure 2.6 indicate one concrete
record, where the �practice time� is roughly 110 hours and the �level duration� is 1.5 weeks. One
can simply read o� the highlighted membership values of the six fuzzy sets.

While the described software implementation uses simple triangular MFs as a basic prototype,
alternative non-linear functions, such as Gaussian or trapezoidal, could easily be incorporated to
capture more nuanced or complex relationships within the data, if needed. Nonetheless, we will see
in Section 6.1 that this simple implementation su�ces.

Figure 2.7: Fuzzy sets of the �eld �Experience� from the biased salaries dataset (Section 1.4.2)

Table 2.2: Names of the fuzzy sets for di�erent granularities used in (de-)fuzzi�cation

Number of sets Respective names of fuzzy sets

3 low, medium, high
5 verylow, low, medium, high, veryhigh
6 verylow, low, mediumlow, mediumhigh, high, veryhigh
7 verylow, low, mediumlow, medium, mediumhigh, high, veryhigh

Moreover, Figure 2.6 compactly sketches the Mamdani fuzzy inference stage, in which for every
consequent at most one natural language rule can be chosen to be evaluated on the fuzzy sets from
the fuzzi�cation. Since, in the general case, the if-part can be arbitrarily complex and does not
only consist of AND operations, the entire if-part is referred to as the antecedent in the image. Our
software applies vast simpli�cation assumptions to this step:

� Only one rule is used for fuzzy inference. Hence, there is a FIS for every rule, which we later
regress over.

� No logical connectives are allowed except for AND. The logical connective OR follows from the
addition of two rules (FIS) in the regression. For the logical connective NOT, the most formally
acceptable way to encode this would be using complement MFs (1 − membershipA(x)). In
future versions, one can consider adding such rules to the regression process. Nonetheless, the
results in Section 6.1 are already promising without this adaptation, since the regression can,
for instance, attempt to express negated rules by both upscaling all other consequents with
the same antecedents and by using a negative coe�cient for the negated rule.

As regards the last step, the defuzzi�cation, Figure 2.6 employs the well-known Center of Gravity
(COG) [47] approach. To understand this method, one must �rst recognize that fuzzy sets for
defuzzi�cation also have corresponding MFs. In the shown example, these functions de�ne the
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possible placement categories: �bad�, �acceptable� and �good�. Examining Figure 2.6 closely reveals
the link between fuzzy inference and these defuzzi�cation sets: Fuzzy inference determines the set
membership of the respective linguistic categories, denoted as cX for the fuzzy set X. Thus, one
may see cX as the �activation� of the rule with the linguistic output X. Subsequently, the fuzzy sets
for defuzzi�cation assist in converting this intermediate representation into a numerical prediction
� i.e., a placement in the exemplary context.

To obtain the crisp output, in Figure 2.6 the computation min(µX(x), cX) is applied for each output
fuzzy set X, where µ represents the defuzzi�cation MF of X. Essentially, this limits the defuzzi�ca-
tion function's mass according to the value of the consequent cX . Finally, since COG is employed
in the image, the centroid of the resulting shape is computed, and its position within the domain
determines the �nal estimate.

In the software implementation, the last step of the defuzzi�cation process is slightly di�erent:
For simplicity, the Mean of Maxima (MOM) [47] method is used instead of COG. This approach
selects the set of domain values that attain the maximum of the capped defuzzi�cation function
values and calculates their arithmetic mean, which is identical to Equation (2.4) when skipping the
multiplication with cX .

However, with this method the fact that our FIS only contain one rule, meaning that at most one
of the equidistantly spaced defuzzi�cation MFs (triangles, denoted µX in Equation 2.2) remains
nonzero in each FIS is problematic. This method only works for the outermost (non-symmetric)
right-angled triangles, meaning the triangles that are formed by the abscissa and the outermost linear
functions that are connecting the horizontal axis and the top-left (on the other side the top-right)
corner seen in Figure 2.7 respectively. In case the chosen consequent does not correspond to one of
these right-angled triangles, and its value is strictly greater than zero, the result will always be the
center of the chosen triangle, regardless of the exact consequent and antecedent values. This occurs
since removing the tip of a symmetric triangle and applying MOM consistently yields its center,
independent of the capping level. Hence, we simply scale the rule's �ring strength with the MOM,
capturing the notion of multiplying with the respective activation:

defuz(x) = min(µX(x), cX) (2.2)

m = argmax
x

(
defuz(x)

)
(2.3)

result = cX ·
∑

imi

dim(m)︸ ︷︷ ︸
MOM

(2.4)

Here, m = (mi) is the vector of all domain values where defuz(x) attains its maximum, and dim(m)
denotes the number of elements in m. The formulation in Equation (2.4) ensures that the output is
always appropriately weighted by the rule's �ring strength while still maintaining the simplicity of
the MOM approach.

2.2 (Issues with) Unregularized Regression

The computations in the FIS and Equation (2.4) transform each rule into a basis function, e�ectively
creating new �elds for the regression while the original inputs are not used to regress over. In other
words, we have performed a feature transformation using fuzzy rules expressed in natural language.
Therefore, we can leverage these functions to perform a weighted linear combination of the fuzzy
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rules that survive the �ltering from Section 3 as shown in Equation (2.5), where ŷi is the predicted
target variable for the i-th record and β̂ is the vector containing the estimated coe�cients.

ŷi = β̂1 b1(xi,.) + β̂2 b2(xi,.) + · · ·+ β̂m bm(xi,.), i = 1, . . . , n (2.5)

Applying the standard Ordinary Least Squares (OLS) [48] procedure for determining β̂, we �rst
construct the design matrix, where each row represents a record and each column corresponds to
the basis function of a speci�c rule. Let us denote this matrix, also visualized in Equation (2.6),
as G from now on and let bi : Rk → R be the basis function of the i-th rule, which always takes a
full record xi,., but only requires a subset of the entries from the vector to compute the antecedent
activations.

G =


b1(x1,.) b2(x1,.) . . . bm(x1,.)
b1(x2,.) b2(x2,.) . . . bm(x2,.)

...
...

. . .
...

b1(xn,.) b2(xn,.) . . . bm(xn,.)

 (2.6)

Moreover, note that b1(x) = 1 ∀x ∈ Rk, if the default option to use the intercept is active. Otherwise,
b1 is the �rst generated rule which has not been removed by �ltering.

The values within G are inherently zero-centered, since the target variable is standardized imme-
diately after the CSV-�le is imported. The option to use an intercept may therefore be carefully
considered as the basis functions try to approximate the target variable and the z-score normaliza-
tion removed the e�ort of predicting the mean, which is neutralized. Furthermore, the values in
G therefore also have a useful numerical interpretation for debuggability, as every strong deviation
from zero re�ects a strong �opinion� of a rule.

However, the standard OLS formulation for linear regression requires the design matrix to be invert-
ible. A simple example illustrates why this condition cannot hold if too many fuzzy sets are chosen
for defuzzi�cation:

� If A is high Then B is high

� If A is high Then B is veryhigh

Both of these rules are generated automatically by the procedure shown in Figure 2.4. However,
they are e�ectively multiples of each other due to Equations (2.2) to (2.4), since the corresponding
MFs, and thus the respective maxima, are merely shifted versions of one another.

As more precisely discussed in Section 4, Lasso regression is better equipped than OLS estimation
to handle such multicollinearities and the �ltering mechanisms introduced in Section 3 signi�cantly
mitigate this issue. Nonetheless, it is generally advisable to limit the number of fuzzy sets, as
this hyperparameter presents a trade-o�: Increasing the number of fuzzy sets enables �ner-grained
predictions and a closer �t to the data, but it also increases the risk of over�tting, because more
predictors are available. Since the OLS estimator is prone to over�tting � especially as the number
of estimators increases [49] � careful selection of the number of fuzzy sets may be a crucial factor.
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3 Filtering Mechanisms

To remove unpromising options and to thereby obtain an improved basis for the later-applied regres-
sion, we examine the rule �ltering mechanisms that complement the existing white- and blacklist
approaches. It is worth noting that the �ltering methods described in the following sections fully
align with the techniques presented in [1] but are described in greater detail in this thesis. Moreover,
they can be extended with additional techniques and certain simplifying assumptions may improve
the results of the solutions found by the current implementation. In addition, users may disable any
�ltering mechanism using corresponding �ags for the Application Programming Interface (API) or
the web interface.

The omitted rules can be found in the �Warnings� section of the web interface or the API output.
Since this output is hierarchical, it allows users to see which constraints caused the removal of a
given rule, providing complete traceability for debugging purposes.

3.1 Outlier Filtering

This �rst �ltering method is the only one that operates directly on the records and not on the rules.
Outliers are known to disproportionately in�uence the result of linear regression models [50].

Therefore, it is strongly recommended to:

� Apply outlier removal on all columns of the CSV-�le before using the method described in this
thesis.

� Alternatively, use the built-in outlier-�ltering options in the application, as shown in Figure
3.8, where a lower and an upper bound can be speci�ed.

� Otherwise, one can also choose to set an Interquartile Range (IQR) multiplier value u in the
application, where all records with values outside the interval [q25 − u · IQR, q75 + u · IQR] will
be dropped. The variable qo denotes the o-th quantile (in percent) of the data, sorted by the
respective �eld.

3.2 Priority Computation and Filtering via Rule Mining Metrics

Rule mining has been thoroughly researched in the AI and Computer Science literature as shown in
a survey by Solanki et al. [51]. In a moment, we will employ two well-known metrics to compute a
priority score for each rule. Before introducing them formally, let us �rst discretize the data, solely
for priority computation. For this discretization, the fuzzy sets are used to assign each record to the
class (formerly: fuzzy set) with the highest membership. In the case of ties, the discretization of the
record is duplicated, and both possibilities are represented. The categorical �elds are not modi�ed,
as they already are partitioned into discrete classes. Furthermore, note that the discretization of D
is deleted from memory once the priority scores have been computed.

The priority score of each rule r is a weighted linear combination of the following metrics, where the
user supplies the weight vector w for the linear combination, as presented in Equation (3.7).

priority(r) = w1 · support(r) + w2 · leverage(r) + w3 ·
1

|antecedents(r)|
+ w4 · whitelist(r) (3.7)

� The support [52] measures how often a rule holds true. It is de�ned as the percentage of
discretized records where all of the rule's antecedents align with their discretization and the
consequent matches the discretized target class of a record.
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Figure 3.8: Outlier �ltering in the web application

� The leverage [53] quanti�es how much a rule deviates from statistical independence. It mea-
sures the di�erence between the amount of observed co-occurrences of antecedents (A) and
consequents (C), denoted as support(A→ C), and their expected number of co-occurrences if
they were independent. This allows the computation to be expressed similarly to [54]:

leverage(A→ C) = support(A→ C)− support(A) · support(C) (3.8)

Leverage values above zero indicate that a rule's antecedents and consequents co-occur more
frequently than expected by chance; the further the value is above zero, the stronger the
indication of a potentially interesting pattern according to this heuristic.

� The inverse of the number of antecedents is used as a heuristic for simplicity. This summand
is added as in ML simpler rules are often desired, so employing a complexity-penalty might be
bene�cial.

� The whitelist �ag allows for prioritized retention of user-speci�ed rules. If a rule is included in
the whitelist, the respective value is set to one; otherwise, it remains zero.

A user can de�ne a minimum priority value (Parameter 18 in Figure 7.12) after initially observing
the distribution of the rule priorities. This serves as a threshold for further processing the rules, i.e.,
rules with a priority below this threshold will not be included in the subsequent analysis. Note that
the priority may take on a negative value, since one can �nd rules such that leverage(r) < 0.

Once the priority value for each rule has been determined, the columns (basis functions) of G that
survive the �ltering are sorted in descending priority order.
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3.3 Threshold-Based Filtering

Let g.,a,g.,b be two arbitrary but �xed columns and similarly let ge,.,gf,. be two arbitrary but �xed
rows of the design matrix G (from Section 2.2). If the Manhattan norm between two columns or
rows is below the respective user-speci�ed threshold, denoted ψc ∈ R for columns and ψr ∈ R for
rows, i.e.,

∥g.,a − g.,b∥1 < ψc or ∥ge,. − gf,.∥1 < ψr,

then a row or a column is removed. In the case of row-based (record-based) �ltering, the row
appearing �rst is always retained. For �ltering column-wise, the rule with the lower priority will
be �ltered out. Nonetheless, the removed rules are explicitly printed as �secondary rules� for their
primary counterpart, indicating an alternative natural language interpretation (rule) of identical
basis functions for the dataset. In the case of ties, the rule generated later will be removed.

Note that both ψc and ψr can simply be set to any negative value to fully disable the respective
�lter, as the Manhattan norm cannot output a negative number.

3.4 Sparsity From Lasso Regularization

Since the Lasso objective is applied in the regression step (see Section 4), sparsity is inherently
encouraged, commonly leading many rule coe�cients to be precisely zero. A rule which has a
coe�cient of zero has no meaningful e�ect in the regression solution and therefore may safely be
ignored.

Thus, after the regression step, the software discards all rule coe�cients with a magnitude smaller
than a user-speci�ed parameter (Parameter 31 in Figure 7.12) � by default set to 10−8, a value
chosen as a practical trade-o� between computational e�ciency and completeness � and logs these
discarded rules in a warning list included in the output. This saves processing power, as the removed
rules are not considered during the computationally expensive statistical testing described in Section
5.

3.5 Statistically Insigni�cant Rules

Additionally, users can opt to retain only statistically signi�cant rules, which can reject the null
hypothesis that the coe�cient of the i-th rule is zero (H0 : βi = 0) with a user-speci�ed signi�cance
level α. Since computing p-values can be time-intensive, it is recommended to �ne-tune all other
�ltering options beforehand. Moreover, this approach has further limitations, outlined in Section
5.2.

After this step, one may activate the con�guration option to re-compute the Lasso coe�cients once
all statistically insigni�cant rules and all other rules a�ected by the preceding �lters have been
removed. It should be noted that this option is not enabled by default, and both outputs (with and
without using this �ag) should not explain the data incorrectly but might yield slightly di�erent
results, very likely in the magnitudes of the coe�cients.
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4 Rule Selection via Lasso Optimization

The Lasso estimator, �rst proposed by R. Tibshirani [55], extends the notion of the popular OLS
estimator and applies a penalty to nonzero coe�cients based on their magnitudes. Concretely, the
ℓ1 penalty (λ∥β∥1) in Equation (4.9) promotes sparsity and λ ∈ [0,∞) controls the strength of this
regularization. This means that many coe�cients are forced towards zero, which is commonly used
to counter over�tting [56, 57]. In the context of this application, it means that numerous rules are
eliminated.

Unlike the Gauss-Markov theorem [58] for OLS, no extensive guarantees apply here and Lasso
purposefully introduces a bias [57]. This is a suitable decision since the goal of the method is to
identify the few most important rules and to weigh them appropriately.

Recall the design-matrix G ∈ Rn×m from Section 2.2, where n is the number of records and m
represents the number of rules, including the intercept. The Lasso estimator is commonly used in
its Lagrangian form, as introduced by R. Tibshirani [55] and presented in Equation (4.9).

β̂ = arg min
β∈Rm

{∥y −Gβ∥22 + λ∥β∥1} (4.9)

In this formulation, the vector y ∈ Rn contains the target values and λ > 0 is a user-selectable
hyperparameter to balance between the �delity to the data and the sparsity of the solution.

As highlighted by van de Geer et al. [22], even when the number of basis functions m exceeds the
observations n, the Lasso estimator remains well-behaved under suitable conditions. Additionally,
the authors show that the Karush-Kuhn-Tucker (KKT) conditions [59] can be inverted to yield a
de-sparsi�ed Lasso estimator that is asymptotically normal (see Section 5 for details). This makes
Lasso particularly appealing for the present application, since it does not only provide a reduced,
weighted ruleset but also enables the application of appropriate statistical tests [22].

To �rst obtain a Lasso solution, we use the convexity property of Equation (4.9) [60], which is given
as both summands are convex. Thus, if the �rst derivative (wherever it exists) is decreasing to zero,
we can assume to move towards one of the optima. We will show in Section 4.2 that strict convexity
in the use case of this application usually does not hold because both summands in the said Equation
(4.9) are not (necessarily) strictly convex. Hence, there are most likely multiple �optimal� solutions
according to the optimization criterion stated in Equation (4.9).

4.1 Regression Solution via Coordinate Descent

The regression problem of early versions of the software, which use the OLS estimator, is easier to
solve, as a closed-form solution exists. Matrix decompositions, such as the fast Cholesky decomposi-
tion or the more stable QR decomposition, allow for obtaining a quick solution to the said problem
compared to Lasso. However, this estimator is not entirely suitable to this large-scale regression
setting because of multiple issues, which are outlined in Section 2.2.

Note that the Lasso estimator uses an optimization criterion containing the ℓ1 penalty and thus the
absolute value function is applied, as shown in Equation (4.9). Since the absolute value function is
not di�erentiable at zero, there is no analytical solution for obtaining the Lasso estimate. One can
instead derive an iterative �coordinate descent� approach [61] to �nd a suitable solution by cyclically
updating one concrete coe�cient β̂i at a time while keeping the others �xed. Recall that the columns
of G are sorted by descending priority value, the computation of which is outlined in Section 3.2.
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Hence, higher-prioritized rules are optimized �rst. Later, lower-prioritized rules, like multicollinear
basis functions, will more likely be set to zero in every iteration. This property can be observed
in Equation (4.12), which we will derive shortly. Notably, Lasso can cope (comparably) well with
multicollinearity, whereas OLS often fails to yield a solution.

Inspired by Friedman et al. [62], we will now derive the update rules for the coordinate descent
algorithm. When updating the j-th coe�cient (β̂j), we want to isolate its e�ect on the loss. It is
straightforward to separate the prediction into two parts

Gβ̂ = g.,j β̂j +

m∑
k=1
k ̸=j

g.,kβ̂k (4.10)

where g.,j denotes the j-th column of G, representing one concrete rule (basis function).

Next, let us de�ne the partial residual (or �partial �t�) as the residual vector obtained by excluding
the contribution of the j-th predictor, which we store in the j-th row of the matrix R ∈ Rm×n,
denoted as rj,.:

rj,. = (y −
m∑
k=1
k ̸=j

g.,kβ̂k)
⊤ (4.11)

By subtracting the contribution of all other predictors, rj,. isolates the part of y that β̂j can explain by
scaling g.,j . This reduction transforms the multivariate optimization into a simpler one-dimensional
problem:

β̂j = arg min
βj∈R

{
∥r⊤j,. − g.,jβj∥22 + λ|βj |

}
. (4.12)

To write out the update more explicitly, let us de�ne two helper variables in Equation (4.13), where
pj ∈ R represents the correlation of the j-th predictor with the current residual and zj ∈ R is the
squared Euclidean norm of the j-th column in G = (gij), which is later used for normalization.

pj =
n∑

i=1

gijrji = rj,.g.,j zj =
n∑

i=1

g2ij (4.13)

By multiplying out the quadratic term in the univariate optimization problem from Equation (4.12)
and ignoring the term

∑n
i=1(rji)

2, which is constant with respect to βj , the optimization problem
becomes:

β̂j = arg min
βj∈R

{
zjβ

2
j − 2pjβj + λ|βj |

}
. (4.14)

From here, to solve the minimization task, one may apply the subdi�erential for the minimization
problem in Equation (4.14) and set it to zero. Since Lasso is a convex optimization problem,
this yields a global minimum. A detailed proof is provided by Friedman et al. [63]. It is not
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outlined here as the length of the respective proof with the subdi�erential would go beyond the
scope of this thesis. Skipping ahead, the solution is obtained by using the soft-thresholding operator
S(a, γ) : (R × R+) → R, described in Equation (4.15), where R+ denotes all non-negative real
numbers. Following the approach of Friedman et al. [63], this operator provides a solution for the
sub-di�erential, therefore enabling the computation of the optimal β̂j at a given iteration, as stated
in Equation (4.16).

S(a, γ) =


a− γ if a > γ,

0 if |a| ≤ γ,

a+ γ if a < −γ.
(4.15)

β̂j =
1

zj
S(pj , λ/2). (4.16)

Apart from its formal proof, the invocation of the soft-thresholding operator in Equation (4.16)
has an intuitive interpretation. Regularization is applied by shrinking the magnitude of pj by λ

2

and sparsity is enforced by setting coe�cients to precisely zero where |pj | < λ
2 holds. This means

that predictors with weak e�ects are eliminated, with the threshold depending on the size of the
regularization hyperparameter λ, as indicated in [55]. A suitable value of λ balances prediction
accuracy and sparsity. In the context of this application, empirical results (cf., Section 6.1) have
shown that selecting λ within the interval [0.01, 100] provides an e�ective compromise.

Algorithm 1 summarizes the results of our above derivations and represents the pseudocode of the
implementation in the software, incorporating two crucial hyperparameters: The variable tmax ∈ N
sets the maximum number of iterations, while ϵ ∈ R+ serves as a convergence threshold. Convergence
is assumed when, at iteration t ∈ N, all coe�cients β(t) are su�ciently close to those of the previous
iteration β(t−1). These hyperparameters signi�cantly impact the solution, as described in more
detail in the Section 4.2.

4.2 Ambiguity of Lasso Optima and �Best� Rule Sets

Upon examining Equation (4.9), one can determine that the �rst summand may not be strictly
convex, depending on the choice of G, and the second summand is never strictly convex:

� The quadratic loss (∥y − Gβ∥22) is strictly convex if only if the columns of G are linearly
independent. After the �ltering, some redundant basis functions commonly remain that can
be expressed as a linear combination of the remaining basis functions. Thus, G is expected
to only be positive semi-de�nite instead of being strictly positive de�nite. This means that a
nonzero vector δ ∈ Rm exists such that Gδ = 0 holds, which can be used to �nd an alternative
optimal solution [65].

� The ℓ1-penalty (λ∥β∥1) is convex but not strictly convex. Its diamond-shaped level sets contain
linear segments. This linearity violates the de�nition of strict convexity as we can choose a
convex combination on such a level set and note that the strict inequality, which would be
necessary for strict convexity, is only an equality in that case.

Prior research by R. Tibshirani [65] leads to the conclusion that the Lasso estimator is not unique
for su�ciently high correlation between the predictors, causing uncountably many optimal solutions.
Hence, the proposed method mostly has multiple possible optima, as many columns of G are likely
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Algorithm 1 Lasso Coordinate Descent (inspired by [64])

Input:

Design matrix G ∈ Rn×m

Response vector y ∈ Rn

Regularization parameter λ ∈ [0,∞)
Maximum iterations tmax ∈ N
Convergence tolerance ϵ ∈ R+

Output: Approximation of β̂ from Equation (4.9)
1: β(0) = 0
2: t = 1
3: repeat

4: β(t+1) = β(t)

5: for j = 1 to m do

6: Compute the partial residual of the j-th predictor:

rj,. =
(
y −

j−1∑
k=1

g.,kβ
(t+1)
k −

m∑
k=j+1

g.,kβ
(t)
k

)⊤

7: Compute:

pj = rj,.g.,j zj =

n∑
i=1

g2ij

8: Update coe�cient:

β
(t+1)
j =

1

zj
S(pj , λ/2)

9: end for

10: t = t+ 1
11: until t ≥ tmax or maxj |β(t)j − β

(t−1)
j | < ϵ

12: Return: β(t)

correlated, which means one can choose from a subspace of possible values for δ to obtain a continuum
of solutions. Nonetheless, the software is deterministic, in the sense that there is no randomness
introduced in any of the used algorithms. Still, it is worth acknowledging that even small changes,
especially in the selected value for the regularization λ, the maximum amount of iterations tmax or
the convergence threshold ϵ, can sometimes have large e�ects on the output coe�cients and therefore
the interpretation of the rules. An idea for vastly reducing this subspace of optimal solutions would
be to include the rule priorities from Section 3.2 in the optimization criterion shown in Equation
(4.9). However, this is left up to future exploration.

Reducing multicollinearity by �ltering (cf., Section 3) reduces the correlation in the columns of G
and thereby also inhibits the range of ambiguous optimal solutions. However, when applied too
restrictively, this may remove important rules that would have matched the data generation process.
Thus, we can observe a trade-o� between ambiguity and completeness.

Similarly to the justi�cation by our previous work [1], prior research in the realm of XAI also supports
the notion that reasoning (and thus explanations) can be structured in multiple, equally valid ways
[66]. A helpful analogy can be drawn from mathematics, where a proof can vary in length, strategy
and level of abstraction, among other aspects. Fundamentally, one could derive results directly from
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axioms instead of common theorems, yielding a more intricate but equivalent explanation [1].

Furthermore, one must critically analyze the meaning of rules with negative coe�cients, which
most likely also occur in the output of the Lasso regression. We interpret this as if the rule's
output negatively correlates with the data [1]. A di�erent interpretation for this phenomenon is a
negation of the consequent which strengthens all complement sets. For instance, if one uses three
fuzzy sets (�low�, �medium� and �high�) for the defuzzi�cation and the statistically signi�cant rule
�If targetgenerator is veryhigh Then target is low� appears with a negative coe�cient, then one
may claim that a very high value for the �eld �targetgenerator� causes the target variable to be
anything but low, i.e., either medium or high. This also impacts the construction of all other rules,
as the regression coe�cients in�uence each other. Thus, if no rules with negative coe�cients are
allowed, many rules (especially the ones with a non-zero coe�cient) will likely be assigned di�erent
coe�cients.

4.2.1 Non-Negative Soft-Thresholding

If one wants to avoid negative coe�cients for interpretability reasons, there are multiple ways to
perform Lasso optimization while still forcing the coe�cients to be non-negative, as shown by K.
Hagiwara [67]. One simple method to perform this change is to update the soft-thresholding operator
from Equation (4.15) to only yield non-negative outputs, as demonstrated in Equation (4.17).

S+(a, γ) =

{
a− γ if a > γ,

0 else
(4.17)

Let us from now on refer to this modi�ed model as Non-Negative Soft-Thresholding (NNST). The
software is adapted such that users can simply set the option �only allow positive coe�cients� to
enable NNST, as this was not originally included in [1]. For evaluating the tool's performance
in Section 6.1, both implementations are considered, though the standard soft-thresholding with
negative outputs will be referred to as the �default� model to maintain comparability to [1].

Note that the proposed NNST model does not formally align with the statistical test proposed in
Section 5, since the hard constraint of setting negative coe�cients to zero alters the KKT conditions,
demanding a di�erent derivation of the debiasing corrections. Therefore, the asymptotic normality
assumed in the statistical test is not formally guaranteed. This means the results in Section 6.1
should be interpreted cautiously regarding the statistical test for the NNST model. Nonetheless,
based on empirical evaluations one can discover that the dropo� in the respective performance
metrics (R2 and Mean Squared Error (MSE)) caused by the statistical �ltering (cf., Section 3.5) on
the default and the NNST model is nearly identical. Therefore, one may assume that the impact of
this modi�cation on the overall conclusions is likely minimal.

4.2.2 Recommendations for Lasso Hyperparameter-Selections

Based on extensive testing on the three datasets outlined in Section 1.4, we arrived at the following
conclusions:

� The hyperparameter λ should be large enough to prevent over�tting by eliminating many basis
functions, but small enough to avoid under�tting (such that, for instance, the MSE does not
get too large). As outlined in Section 5, choosing λ as described at the start of Section 5
is a bene�cial choice for the statistical test, but may not be ideal for balancing under- and
over�tting.
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� Interestingly, the empirical evaluation indicates that setting the convergence tolerance (ϵ) and
the iteration limit (tmax) such that the algorithm stops early leads to simpler rules being favored
over more complex ones (cf., Section 6.1). For example, in the biased salaries dataset (Section
1.4.2), using ϵ = 10−1, instead of the more common and still numerically stable ϵ = 10−6,
results in a simpler model while also guiding the optimization in the right direction due to
convexity. Further investigation is certainly needed to formally prove that this is indeed a
general phenomenon (instead of merely being a fortunate error pattern) and to quantify how

early one should stop the optimization in the best case, though this is beyond the scope of this
work.
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5 Statistical Testing

Van de Geer et al. [22] (Theorem 2.2) demonstrate that inverting the KKT conditions [59] for
Lasso to construct an asymptotically normal, de-sparsi�ed (de-biased) Lasso estimator, yields the
Equations (5.20) to (5.22). These hold under suitable restrictions [22], especially for the use case of
this work, provided that λ in Algorithm 1 is chosen appropriately. In particular, the authors [22]
prescribe that one should assign λ such that the inequality in (5.19) holds, where f ∈ R+ serves as
an upper bound for the maximum diagonal element of G:

σ2ε =
∥y −Gβ̂∥22
n− s

(5.18)

λ ≥ 2 f σε

√
2 log(m)

n
(5.19)

The number of nonzero coe�cients s ∈ N in β̂ is used to estimate the degrees of freedom for the
variance of the unobserved noise (errors) from the regression setting, denoted σ2ε in Equation (5.18).
While the variable σε may be estimated via the residuals as shown in Equation (5.18), it should be
noted that this simple procedure comes at the cost of typically under-estimating the true standard
deviation of errors [68] which may be counteracted with more involved techniques like scaled Lasso
in future implementations [69, 22]. For the practical use in the implementation, it su�ces to know
that the last entry in the �Warnings� section of the output always shows if λ was chosen su�ciently
large for the statistical test, which is never violated in all evaluations performed in this document.
Hence, we may indeed make use of the following statements from van de Geer et al. [22] in our
application context:

√
n(b̂− βH0) = w + ξ (5.20)

w|G ∼ N (0, σ2Θ) (5.21)

∥ξ∥∞ = oP(1) (5.22)

In the above expressions, b̂ ∈ Rm corresponds to the de-sparsi�ed estimator (where the bias intro-
duced by Lasso is counteracted), βH0 ∈ Rm denotes the true parameter vector (typically speci�ed
under the null hypothesis, thus the subscript), 0 is a column vector of dimensionality m �lled with 0
at all indices and Θ ∈ Rm×m represents the precision matrix, which serves as the theoretical inverse
of the covariance matrix of G. For the error vector ξ ∈ Rm it can be shown that the maximum
value is of the order oP(1), and it therefore vanishes asymptotically with an increasing number of
records n. More precisely, the subscript P used by van de Geer et al. [22] in oP(1) indicates that
the convergence property is expressed in probability by [22], i.e., if one has a sequence of random
variables Xn = oP(1) this means that for every η ∈ R+\{0} the statement limn→∞ P(|Xn| > η) = 0
holds [70].

Since directly inverting the sample covariance matrix is generally infeasible due to its high dimen-
sionality and potential multicollinearity, regularized approaches, such as nodewise regression (cf.,
Section 5.1), are commonly used to obtain a numerically stable estimate of Θ [71, 72]. The concrete
meaning of w ∈ Rm is not important for the following explanations. Let us restrict ourselves to
note that w is asymptotically normal when the design matrix is given, thus the left-hand side of
Equation (5.20) approximately follows this property.
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By restricting the Equations (5.20) to (5.22) to the j-th coe�cient of b̂ and βH0 and by neglecting
ξ, we can observe that the deviation of the de-biased estimator from the null hypothesis is indeed
approximately normally distributed, as shown in Expression (5.23) in which Θ = (θij). Adjusting
this formulation to obtain a test statistic for an appropriate z-test brings us to Equation (5.24).

√
n
(
b̂j − βH0j

)
∼ N

(
0, σ2 θjj

)
(5.23)

zj =
b̂j − βH0j√
σ2 θjj/n

∼ N (0, 1) (5.24)

This result enables us to perform statistical inference. Concretely, it provides the basis for construct-
ing con�dence intervals and for conducting hypothesis tests on individual rules. In other words, it
is the statistical grounding used for showing that potentially biased patterns are indeed likely to
appear in the data. Note that the method remains conceptually simple, as it relies solely on com-
parisons with the standard normal distribution, i.e., basic z-tests. However, this simplicity comes
at the expense of conservatism, as discussed in greater detail in Section 5.2.

The construction of the de-sparsi�ed estimator b̂ demands the approximation of uncorrelatedness
in the columns of G [22]. In Line 3 of Algorithm 2, the de-sparsi�cation step therefore employs
the precision matrix � formally introduced in Section 5.1 and estimated via nodewise Lasso �
to account for the bias introduced by the ℓ1 penalty. This adjustment ensures that the resulting
estimator b̂ is asymptotically normal [22], allowing for the direct application of standard z-testing
procedures. However, nodewise Lasso is computationally expensive since it requires �tting multiple
models, as further elaborated in Section 5.1.

5.1 De-biased and Nodewise Lasso

In high-dimensional settings, an estimate of the precision matrix Θ̂ ≈ Σ−1 is often required [71, 72],
where Σ = 1

nG
⊤G is the (sample) covariance matrix of the design matrix G. This comes from the

fact that a direct inversion of Σ is generally infeasible when m > n, since it is not full rank.

Nodewise Lasso, popularized by Callot et al. [71], o�ers a stable, sparse approximation of Σ−1. The
idea behind Algorithm 3 is to estimate to which degree the j-th basis function depends on all the
other basis functions. By trying to predict the j-th column via regressing over all other columns
denoted as (G.,−j), with the negative index being a compact notation for the inclusion of all columns
except the j-th, one captures the conditional relationships of the basis functions and can later detect
partial correlations. This concept works since the entries of the inverse covariance (precision) matrix
are related to these partial correlations, as indicated by Meinshausen et al. [73].

For the said regression in Line 3 of Algorithm 3, we again use the Lasso objective and optimize for
the estimated coe�cient vector êj,. ∈ Rm−1. The matrix Ê = (êij) ∈ Rm×(m−1) stores the respective
coe�cient vector êj,. in the j-th row. Therefore, we interpret êj,. as a row vector. The penalty
(λ∥êj,.∥1) forces many of the entries in êj,. to be exactly zero if they do not contribute su�ciently to
predicting g.,j . This represents the assumption that most variables are conditionally independent in
high dimensions [73]. Moreover, this regularization helps mitigate issues with multicollinearity by
promoting sparsity.

Note that the regularization parameter in Algorithm 3 could have been chosen di�erently compared
to the regularization parameter in Equation (4.9). However, van de Geer et al. [22] also recommend
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Algorithm 2 De-biased Lasso Statistical Testing (inspired by [22])

Input:

Estimated coe�cient vector β̂ ∈ Rm

Design matrix G ∈ Rn×m

Response vector y ∈ Rn

Signi�cance level α ∈ (0, 1)
Output: z-statistics z ∈ Rm and p-values p ∈ [0, 1]m

1: Determine the target covariance matrix:

Σ =
1

n
G⊤G

2: Obtain the approximated debiasing matrix Θ̂ ∈ Rm×m via nodewise Lasso regression on G as
described in Section 5.1, particularly in Algorithm 3.

3: Derive the de-biased (de-sparsi�ed) estimator:

b̂ = β̂ + Θ̂
G⊤(y −Gβ̂

)
n

4: Compute the asymptotic variance matrix:

Ω̂ = (ω̂ij) = Θ̂Σ Θ̂T

5: for j = 1 to m do

6: Extract the standard error of the de-biased estimator:

SE(b̂j) =
√
ω̂jj

7: Determine the z-statistic for H0 : βj = 0:

zj =
b̂j

SE(b̂j)

8: Calculate the two-sided p-value:

pj = 2
(
1− Φz

(
|zj |

))
,

where Φz denotes the standard normal Cumulative Distribution Function (CDF) and | · | repre-
sents the absolute value function.

9: end for

10: Return: z,p

that the regularization in nodewise regression should also be chosen as claimed in Equation (5.19),
so it is simply assigned to precisely the same value in this thesis.

In Line 4 of Algorithm 3, the residual variance τ2j ∈ R+ is computed to quantify the variability in
g.,j that remains unexplained by the other basis functions. This measure is later used to normalize
the coe�cients when constructing the estimated precision matrix Θ̂.

In the theory of Gaussian graphical models [74, 75], which has inspired this procedure, the diagonal
elements of Θ̂, denoted as θ̂jj , are inversely related to the residual variances τ2j . For the o�-diagonal
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elements, θ̂jk, the above Lasso regression procedure with the respective vector êj,. uncovers the partial
correlations of the j-th column of G with all others. Normalizing with the inverse residual variances
(denoted as D−1 in Algorithm 3) appropriately scales each regression result. An equivalent, more
explicit formulation, compared to the last computation of Algorithm 3, can be phrased as follows:

θ̂jj =
1

τ2j
, θ̂jk = −

êjk
τ2j

for k ̸= j. (5.25)

Algorithm 3 Nodewise Lasso Regression for Estimating the Precision Matrix (inspired by [73])

Input:

Design matrix G ∈ Rn×m

Regularization parameter λ ∈ [0,∞)
Output: Estimated precision matrix Θ̂ ∈ Rm×m

1: for j = 1 to m do

2: De�ne the response vector g.,j and the predictor matrix G.,−j (having column j removed).
3: Solve the Lasso problem for the j-th column using Algorithm 1:

êj,. =
(
arg min
γ∈Rm−1

{
∥g.,j −G.,−jγ∥22 + λ∥γ∥1

})⊤

4: Compute the residual variance:

τ2j = ∥g.,j −G.,−j ê
⊤
j,.∥22

5: end for

6: Construct the estimator for the precision matrix (more compact formulation of Equation (5.25)):

Θ̂ = D−1(I− Γ̂),

where D = diag(τ21 , τ
2
2 , . . . , τ

2
m) is a diagonal matrix containing the residual variances, I is the

identity matrix of the same dimension and Γ̂ ∈ Rm×m is the matrix whose j-th row contains the
estimated coe�cients êj,. with a zero appended at the j-th position.

7: Return: Θ̂

5.2 Challenges and Considerations

Although the method demonstrated in this work provides a simple approach to test rules for statisti-
cal signi�cance, it is not without limitations. A main hurdle for practical applicability is the runtime
complexity. Concretely, a majority of the compute time can be attributed to nodewise Lasso, as the
second step of Algorithm 3 requires multiple executions of Algorithm 1, which, depending on the
convergence hyperparameters tmax and ϵ, is commonly computationally expensive.

Moreover, the statistical testing procedure, as outlined in Algorithm 2, only imposes boundaries on
the signi�cance level without addressing the power of the statistical test. From the applied z-testing
procedure with the null hypothesis H0 : βi = 0 we have a theoretical basis for concluding that βi ̸= 0
when H0 can be rejected for the i-th coe�cient, up to a certain signi�cance level α, expressing the
probability of false rejections. Nonetheless, not rejecting H0 does not formally imply βi = 0. Instead,
we interpret it as a heuristic (hint) that βi could be zero. This limitation exists since bounding the
power of a statistical test is out of scope for this thesis, especially when the underlying likelihoods
remain unknown.
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Additionally, this work does not optimize the conservatism of the test by taking into account cor-
relations between individual predictors. Especially in the case where only few rules are removed by
�ltering, this lack of optimization is likely problematic since numerous statistical tests are applied
and each has a nonzero probability of wrongly rejecting the respective null hypothesis. A certainly
overly conservative but straightforward solution to this issue would be lowering the signi�cance level,
similar to the Bonferroni-Holm method [76]. Therefore, in future revisions, the implementation could
make use of e�cient adjustments, for instance via the joint maximum of test statistics, as highlighted
by van de Geer et al. [22], or by employing group testing and other simulation-based corrections, as
suggested by P. Bühlmann [77].
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6 Veri�cation and Concluding Thoughts

In this section, we validate the e�ectiveness of our approach in identifying known biases within
synthetic datasets, as well as its potential to uncover novel insights from a real-world dataset.

Note that the resulting rule sets and coe�cients are heavily dependent on the chosen hyperpa-
rameters, at least in terms of explanation compactness. The justi�cation for this phenomenon is
demonstrated in [1] and was further elaborated in Section 4.2.

6.1 Evaluation

We evaluate the software and its results by applying it to the three datasets introduced in Section
1.4 and by examining the outputs in detail. Although these datasets are also analyzed in [1], our
evaluation di�ers in the following aspects:

1. In this work, the default model is compared to the NNST model, which is not employed in [1].

2. Additionally, the constraint that fuzzy variables can only appear once in an antecedent is
removed (i.e., a superset of potential rules is �tted compared to [1]).

Because of the latter, the exemplary rule �If height is medium AND height is high Then . . . � may
also be generated. Indeed, if �medium� and �high� are neighboring fuzzy sets, a record can have a
non-zero membership in both fuzzy sets simultaneously and thus ful�lls this condition.

Moreover, while the statistical test for the NNST model does not have the same formal justi�cation
as that of the default model, its use within the scope of this thesis is considered being acceptable
due to the reasoning provided at the end of Section 4.2.1.

6.1.1 Simple Noise Dataset

The dataset described in Section 1.4.1 serves as a sanity check, in the sense that it is intentionally
simple, enabling us to verify if the method can reliably recover the most basic prede�ned rules and
ignore uncorrelated noise. Indeed, our approach successfully explains this dataset across various
hyperparameter con�gurations, though some minor peculiarities arise. Let us examine a concrete
experiment by �xing the hyperparameters as follows:

� Regularization: λ = 10, tmax = 1000, ϵ = 0.0001

� No rule priority �ltering is applied.

� Rules with precisely one antecedent are generated.

� Five MFs for fuzzi�cation and defuzzi�cation are used.

Rule priority �ltering is not applied in this case, as the primary objective is to benchmark the
rule generation and �tting components on this dataset. Thus, allowing advanced �ltering may be
perceived as �cheating�, as it would allow the regression to select only correct rules on this simple
dataset.

Figure 6.9 shows the full output from the default model, including all rules found using the provided
hyperparameter settings and their respective (positive and negative) coe�cients. Most importantly,
the (uncorrelated) randomly generated columns are ignored by the model and all rules with positive
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coe�cients are indeed reasonable statements. For many hyperparameter con�gurations, some slightly
imprecise rules, like �If targetgenerator is verylow Then target is low�, can be found. This small
peculiarity likely occurs due to the limited number of records. Moreover, the fuzzy sets where
the MFs have non-zero densities at the outer borders of the domain, in this case �verylow� and
�veryhigh�, intersect with their neighbor over all respective domain values where the membership
degree is non-zero, as can be observed in Figure 2.7. Despite this slight imprecision, the outermost
MFs remain essential for representing extreme values and outliers.

Subsequently, the experiment is repeated using the modi�ed (NNST) model, where soft-thresholding
with non-negative outputs is employed (Equation (4.17)) while all other hyperparameters are left
untouched. As shown in Figure 6.10, the results reveal that the NNST model identi�ed the rule
�If targetgenerator is verylow Then target is verylow�, which was not found by the default model.
Therefore, and by the fact that no �inverted� rules (with negative coe�cients) are included, the
explanatory capability of the NNST model on this simple dataset can indeed be judged as an
improvement compared to the default model. Moreover, the resulting ruleset is more compact,
which can be considered a comprehensibility enhancement.

Figure 6.9: Default model's rules obtained on the simple noise dataset (Section 1.4.1)

In both cases, the coe�cient of determination (R2) is 0.99. So, as expected, approximately all the
variance is explained. Furthermore, this metric is still nearly perfect (approximately 0.99) after the
�ltering of the rules which could not reject the null hypothesis (cf., Section 3.5) is performed in both
variants.

6.1.2 Biased Salaries Dataset

Since this dataset, described in Section 1.4.2, is much more complex and larger than the simple
noise dataset from Section 1.4.1, the hyperparameters of the tool are selected to make use of more
capabilities of the software, like rule priority �ltering.

Therefore, the con�guration settings are selected as follows:
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Figure 6.10: NNST model's rules on the simple noise dataset (Section 1.4.1)

� Regularization: λ = 50, tmax = 5000, ϵ = 0.0001

� Rule priority �ltering:

Min. priority: 0.01
Support weight: 1

Leverage weight: 10
Antecedents discount weight: 0

� All rules with up to two antecedents are generated.

� Five MFs for fuzzi�cation and defuzzi�cation are used.

� The target variable is �ltered to remove records that do not fall into the range [25.000USD,
85.000USD].

For this dataset, the ambiguity highlighted in Section 4.2 comes into view. Notably, with the above
hyperparameters, the rule �If gender is female Then salary is low� does not appear in the output
of both the default and the NNST implementation. Instead, the extracted rules more directly show
that low experience leads to a low salary. Since the dataset is explicitly designed to assign less
experience to women [26], this direct explanation remains valid, even though it requires a more
thorough investigation to discover the salary gap for women in the dataset.

As also mentioned in [1], such behavior is not observed for all hyperparameter settings. If we
interrupt Lasso earlier but still apply strong regularization (λ = 50, tmax = 1000, ϵ = 0.1) and keep
all other con�guration options identical, then Table 6.3 shows that the model indeed discovers all
injected biases from the dataset in the intended, more indirect form in both the default and the
NNST variant. It is shown that even H0 : βi = 0 is rejected under the signi�cance level α = 0.01
for all desired rules. Note that a statistically signi�cant rule (denoted with ✓✓) implies that the
coe�cient of the rule is not zero. In the case of Table 6.3, it also implies that the coe�cients for the
listed rules are strictly positive, as otherwise the meaning would be inverted (see Section 4.2).

Furthermore, the spurious in�uence included in the dataset � a uniform random �eld that does
not help in explaining the data � is almost entirely ignored by both models. The remark �✗*� in
Table 6.3 indicates that one or two rules (depending on the model) involving the uniform random
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�eld are present, suggesting occasional over�tting. These rules have low coe�cients in both models
and are not statistically signi�cant, meaning that the null hypothesis that their coe�cient is zero
could not be rejected. For all experimented con�gurations, the p-values of these �wrong� rules
consistently exceeded 0.5. Moreover, since these rules combined the random �eld with another
antecedent, the reason for this e�ect to occur is likely the limited dataset size. Concretely, datasets
with insu�ciently many records randomly allow for the fact that the antecedent of a random �eld
in conjunction with the MF of another �eld occasionally correlates with the target variable and
therefore helps in explaining the data by chance. Most likely, di�erent rule �ltering approaches or
using the method on datasets with more records would not exhibit this issue.

It is also noteworthy that the rule �If gender is female Then salary is low� ranked highest when
sorted in descending order by the coe�cient value on all four tested model variants shown in Table
6.4, yet it re�ects an indirect e�ect. A model with tmax = 5000 and ϵ = 0.0001 captures this
relationship in a less �exible manner than with tmax = 1000 and ϵ = 0.1. In both con�gurations, the
model correctly identi�ed that lower experience is associated with lower salary. However, reliably
capturing the relationship between gender and experience with di�erent hyperparameter settings
would likely require modeling experience as a target variable and then incorporating the resulting
rules, as discussed in more detail in Section 6.2.

Nonetheless, the more granular model (tmax = 5000, ϵ = 0.0001) also yields a rule suggesting that
women with less experience tend to earn less � even if it does not opt for a more general (and
sensational) formulation. However, considering that the income distribution between the genders in
the dataset di�ers signi�cantly � and that, among the top 15 percent most experienced individuals,
women constitute less than 20 percent of the records, the more sensational formulation is certainly
not faulty either.

Table 6.3: Discovered rules for the biased salaries dataset [26] (✓: βi > 10−8; ✓✓: p-value ≤ 0.01)

Rule or concept Default NNST

If gender is female Then salary is low ✓✓ ✓✓

If job position is management Then salary is high ✓✓ ✓✓

If hiring manager is B and gender is other Then salary is high ✓✓ ✓✓

In�uence of GPA ✓✓ ✓✓

In�uence of university reputation ✓✓ ✓✓

In�uence of experience ✓✓ ✓✓

In�uence of uncorrelated random �eld (should be false) ✗* ✗*
In�uence of hiring manager A ✓✓ ✓✓

For the updated con�guration (with fewer iterations), the default model generated 87 rules in total,
33 of which reject the null hypothesis H0 : βi = 0 with the signi�cance level α = 0.01. However, the
reduction for the NNST model, concretely, the number of omitted rules, for which H0 could not be
rejected, is considerably smaller compared to the default model. Interestingly, as shown in Table 6.4,
both the full and the reduced default model explain the same amount of the target variable's variance
as their NNST counterparts. Nonetheless, when only statistically signi�cant rules are retained, the
default model achieves this performance with a more compact rule set, whereas the NNST variant
demands fewer rules on this dataset if signi�cance-based �ltering is not employed. Note that the
statistical test is not explicitly adapted for the NNST model, so it is regarded only as a heuristic
and these results should therefore be interpreted with caution (cf., Section 4.2.1).
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Table 6.4: Model comparison with λ = 50, tmax = 1000, ϵ = 0.1 on the biased salaries dataset 1.4.2

Model description Number of rules R2

Default model 87 0.96
Default model (only statistically signi�cant rules, α = 0.01) 33 0.8

NNST model 73 0.96
NNST model (only statistically signi�cant rules, α = 0.01) 43 0.8

6.1.3 Boston Housing Dataset

The Boston housing dataset, previously introduced in Section 1.4.3, presents a regression problem
on real-world data. To ensure a balanced approach between model complexity and generalization,
hyperparameter tuning is conducted, especially focussing on the Lasso parameters. Thus, the fol-
lowing con�guration is selected to optimize the trade-o� between achieving a suitable coe�cient of
determination (R2) and mitigating the risk of over�tting due to an excessive number of rules:

� Regularization: λ = 20, tmax = 1000, ϵ = 0.001

� Rule priority �ltering:

Min. priority: 0.55
Support weight: 1

Leverage weight: 10
Antecedents discount weight: 1

� All rules up to two antecedents are generated.

� Five MFs for fuzzi�cation and defuzzi�cation are used.

� No records are �ltered, since the authors of the dataset applied appropriate preprocessing and
rescaling to the �elds [28].

Both of the modelling techniques predict precisely the same top-three rules when sorting by the
coe�cients, which appear to be major impact factors in terms of driving the housing prices. The
models show that districts with both high average room counts per household and poor accessibility
to radial highways generally exhibit increased housing prices. And, neighborhoods with the quickest
access to the radial highway and a low percentage of �low-status� residents similarly have high
housing valuations. Conversely, areas with short weighted distances to employment centers and high
pupil-to-teacher ratios tend to experience lower housing prices. All discovered rules, along with their
corresponding p-values and priority values, are provided in Section 7.3 (Appendix), where the NNST
results are listed in Table 7.6 and Table 7.7 shows the outputs for the default model.

A comparison of the model sizes and their respective explanatory power is provided in Table 6.5.
As pessimistically expected, restricting the rule set to only retain statistically signi�cant rules leads
to a decline of the explained variance (R2). The said reduction may be attributable to the many
statistical tests conducted, which inherently increases the likelihood of at least one test being a false
negative. This translates to the fact that at least one important rule for retaining the explanatory
power could not reject the null hypothesis and is therefore erroneously removed.

Nevertheless, it is noteworthy that the NNST model retains a considerable portion of explained
variance (R2 = 0.65) with only ten rules, underscoring the e�ciency of the demonstrated method.
The reduced ruleset is visualized in Figure 6.11. Surprisingly, the reduction for the default model
is now smaller compared to the NNST model. In Section 6.1.2, more precisely Table 6.4, one can
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observe the opposite e�ect for a di�erent dataset, so there is likely no (strong) connection between
the model type (default or NNST) and the number of statistically signi�cant rules.

Table 6.5: Boston housing dataset model size and performance comparison

Model description Number of rules R2

Default model 55 0.88
Default model (only statistically signi�cant rules, α = 0.05) 18 0.74

NNST model 50 0.88
NNST model (only statistically signi�cant rules, α = 0.05) 10 0.65

Figure 6.11: NNST model's full signi�cant ruleset for the Boston housing dataset [27] (R2 = 0.65)

Moreover, the analysis partially aligns with the original work on the dataset [27] regarding the
relationship between housing prices and concentration of nitric oxide in the respective district (NOX).
The NNST model contains eight and the default model accommodates nine rules which have NOX as
an antecedent before the application of statistical �ltering (cf., Section 3.5). However, one should
note that for the default model, precisely one of these rules is statistically signi�cant with α = 0.05,
and the NNST model lists none of the rules containing NOX as statistically signi�cant. In the analysis
with the NNST models, other � perhaps more obvious � factors, like the number of rooms (RM) or
the crime rate per capita (CRIM), show to be signi�cant explanatory variables, as they are in (more)
rules with lower p-values.

Another interesting point relates to the variable B, computed by the dataset authors as shown in
Equation (6.26), where Bk is the percentage of Black residents in a district [27]. No conclusive
in�uence of B can be found via the rules. Unfortunately, Bk is not explicitly given in the dataset.
The racial disparities in this dataset from 1978 may have also correlated with other socio-economic
factors, such as income or crime rates. Hence, rather than attributing in�uential power to B, the
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model could have assigned explanation weight to socio-economic factors correlated with B.

B = 1000(Bk − 0.63)2 (6.26)

As demonstrated in [1], alternative hyperparameter con�gurations for this dataset can yield con-
�icting rules, suggesting that there may be underlying in�uences not immediately observable. To
systematically assess the rule consistency of the rule sets created in this thesis, a basic validation
script2 (also used in [1]) is employed here. This script systematically detects

� pairs of rules with identical antecedents but di�ering consequents and

� pairs of rules in which the set of antecedent assignments (if-parts) of one rule are a superset
of the other rule, yet the consequent di�ers.

Nonetheless, unlike for the results obtained in [1], by the above criteria, no con�icting rules are
discovered under the speci�ed hyperparameters across all four models in Table 6.5 for the Boston
housing dataset. With the entirety of the above analysis in mind, it may be concluded that the rules
indeed con�rm major relationships from socio-economic factors in Boston's (former) housing prices.

6.2 Future Work

As stated in [1], the software described in this thesis primarily serves as a proof of concept and
there is great room for improvement and exploration. One possible area to focus on is incorporating
(combinations of) more complex rules in the FIS and to thereby use more of their potential than
the single-rule systems demonstrated herein. This may also aid in reducing the amount of necessary
rules to generate, which causes the primary runtime- and space-complexity issue in the application.
Although our minimal approach serves as a nicely performing proof of concept, more advanced rule
sets combined with well-designed basis functions may ensure better e�ciency and expressiveness.

Although using Lasso is a popular choice for promoting sparsity, there are a number of promising
alternatives: Future work should consider other methods that may improve computational e�ciency,
some of which are outlined by Friedman et al. [64]. Moreover, there has been a vast amount of
research surrounding di�erent sparsity-inducing techniques as shown in Table 5.1 of [78]. Another
worthwhile direction is enhancing the robustness against outliers � for instance, through regression
techniques similar to Least Absolute Deviations (LAD) Lasso [79], albeit potentially at the cost of
higher computational demands.

Additionally, advancements could focus on the interpretation of the resulting fuzzy rule sets them-
selves, where prior research has outlined that crisp interpretations are not appropriate [25]. The
type-1 fuzzy sets used in this work o�er simple means of associating linguistic labels (e.g., �low�,
�medium�, �high�) with underlying uncertain information, but they fundamentally rely on the mean-
ing of these terms remaining static, even though they can greatly di�er between contextual conditions
and individuals. As also highlighted in [1], a natural improvement would be to extend type-1 fuzzy
sets to type-2 [80] (or higher type) fuzzy sets that provide additional levels of uncertainty. Therefore,
these models would be more �exible at representing variations in human interpretation and could
provide more robust rule explanations. This, however, comes at a price: Type-2 fuzzy systems have
more hyperparameters that users may need to specify � for instance, uncertainty bounds and ad-
ditional aggregation strategies. This may therefore require more background knowledge or stronger

2[5, /example_unveiling_biases/simple_contradiction_check.py]
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assumptions and increases computational complexity, leading to a system that could be harder
to maintain, con�gure and interpret. Thus, a trade-o� between expressiveness and practicality is
required at this stage, which may be alleviated by future work.

Further aspects that can certainly be enhanced are the conservatism and the lack of power guarantees
of the statistical testing methodology (cf., Section 5.2). Group-based testing methods, such as those
highlighted in [22], might allow for improved estimates of rule signi�cance. Building upon enhanced
statistical tests, there may be vast potential in the integration of formal veri�cation systems or
actively evolving Chain-of-Thought (CoT) �reasoning models� [81, 82] to allow for a more compact
representation of the method's resulting ruleset. Since the latter models operate on natural language,
they can be supplied with (statistically signi�cant) if-then rules resulting from the current method
and are likely able to take their general-purpose world knowledge into consideration, which can help
in avoiding a crisp interpretation of the rules, especially if additional background information on the
�elds and rules is provided.

A major restriction of the current implementation is that it only supports numerical target variables.
Extending it to include categorical and multi-class classi�cation problems would allow for more
widespread adoption. Moreover, a potential area for future research lies in extending the approach
to di�erent modalities, like audio- or image-data. While this might initially sound far-fetched, fuzzy
set theory has already been successfully employed in (medical) image processing [83] as well as audio
classi�cation [84]. These possibilities could also align with the concept of surrogate models, which
are interpretable, but restricted to locally �tted approximations of complex models [85].

Once categorical target data can be modeled, a natural extension of the method would be to build a
comprehensive explanation framework for complete datasets by running the model for every column
as a target column. This may result in a graph-based representation in which nodes could correspond
to �elds and hyperedges could de�ne learned rules, thereby representing their interactions. With
appropriate postprocessing, such as causal in�uence models [86, 87] and advancements thereof which
may be able to handle non-crisp rules, a holistic view of the relationships between the �elds may
be extracted from such a structure. This concept could be able to (fully) address ambiguity-related
issues by representing all possible dependencies systematically, additionally reducing the di�erences
in outputs across di�erent hyperparameter settings.

6.3 Conclusion

Via a simple combination of FIS and a regularized regression model, we demonstrate a method
that combines interpretability and statistical theory, allowing for both structured rule discovery and
signi�cance testing. Furthermore, we advance upon our previous developments [1] by �tting rules
with overlapping MFs and enforcing non-negative rule coe�cients. Thereby, the approach examines
all feasible rule combinations up to a complexity threshold in a more interpretable manner, which
ensures that hidden patterns (like biases) are not overlooked in favor of overly data-speci�c artifacts.

As demonstrated by empirical evaluations on both synthetic and real-world datasets, the method is
able to detect and quantify both implicit and more direct biases in datasets with numerical target
variables, such as gender-based salary disparities and socio-economic in�uences on housing prices.
The results con�rm that the described tool e�ectively isolates relevant decision-making factors while
signi�cantly downweighting or entirely discarding spurious correlations.

In spite of its advantages, the method has non-negligible limitations, including vast computational
demands for big datasets and ambiguities in the formulation of the rulesets. Certainly, future imple-
mentations could improve computational e�ciency without fully compromising generality, enhance
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the conservatism and runtime of the statistical testing process, and re�ne the postprocessing of
weighted rule sets to reduce ambiguity. With this in mind, the method certainly has the potential
for advancing XAI and for providing safer models by highlighting inconsistencies and disparities in
datasets.
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7 Appendix

This section serves as a complementary resource to the main parts of the thesis, providing supplemen-
tary details and further usage information for the software implementation. It includes an extensive
list of acronyms as well as hyperparameters with their descriptions, default values and commented
(inter-)dependencies. Additionally, Table 7.6 and Table 7.7 contain the complete rulesets from the
analysis of the Boston Housing dataset (cf., Section 6.1.3), listing the relevant (statistical) metrics
such as coe�cients, p-values and priority scores for further analysis and interpretation.

7.1 Acronyms

API Application Programming Interface

CDF Cumulative Distribution Function

COG Center of Gravity

CoT Chain-of-Thought

CSV Comma-Separated Values

FIS Fuzzy Inference Systems

FRULER Fuzzy Rule Learning through Evolution for Regression

GPA Grade Point Average

IQR Interquartile Range

KKT Karush-Kuhn-Tucker

Lasso Least Absolute Shrinkage and Selection Operator

MF Membership Function

ML Machine Learning

MOM Mean of Maxima

MSE Mean Squared Error

NNST Non-Negative Soft-Thresholding

OA Orthogonal Array

OLS Ordinary Least Squares

SSE Sum of Squared Errors

TSK Takagi-Sugeno-Kang

XAI eXplainable Arti�cial Intelligence
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7.2 Usage of Hyperparameters

The following sections detail the hyperparameters con�gurable via the API and the web interface.
Note that the digits in the subsequent enumeration refer to the red digits in Figure 7.12, which
displays the con�guration options available in the web interface.

Figure 7.12: Con�guration options in the web interface; red numbers reference the enumeration.

Basic Con�guration

This section covers commonly used con�guration settings for data ingestion and rule generation
basics.

1. Split Char

� API parameter name: split_char

� Description: The character used to split columns in the CSV-�le during data ingestion.

� Default: �;�
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2. Decimal Char

� API parameter name: decimal_point

� Description: Speci�es the decimal separator for numerical values in the CSV-�le.

� Default: �.�

3. Target Variable

� API parameter name: target_var

� Description: The name of the target variable (column) in the CSV-�le that the tool will
attempt to explain.

� Default: �Salary�

4. Antecedent-Combinations (κ)

� API parameter name: num_vars

� Description: This represents the number of if-parts (variables / antecedents) to combine
via AND when generating rules. Increasing this number vastly increases the number of
possible rule combinations.

� Default: 2

� Related Section: 2 (see discussion on combinatorial explosion of rule generation)

5. Use Intercept

� API parameter name: include_intercept

� Description: Determines whether an intercept term is included in the regression model
(i.e., a basis function returning 1 for all inputs). Note that the target-data is z-score
normalized upon data ingestion, so it may not be necessary.

� Default: true

� Related Section: 2.2

6. Compute pValues

� API parameter name: compute_pvalues

� Description: If true, the system computes p-values for each rule by �tting additional
models for statistical testing. This process is computationally intensive as can be seen in
Algorithm 2.

� Default: true

� Related Section: 5
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7. Fuzzi�cation

� API parameter name: numerical_fuzzification

� Description: An array of strings that de�nes the fuzzy sets (e.g., verylow, low, medium,
high, veryhigh) used to convert numerical input variables into fuzzy membership values.
In the web-interface, only a number can be selected, which relates to Table 2.2.

� Default: three sets represented as [�low�, �medium�, �high�]

� Related Section: 2.1

8. Defuzzi�cation

� API parameter name: numerical_defuzzification

� Description: An array of strings specifying the fuzzy sets used during defuzzi�cation
to map fuzzy outputs back to crisp numerical predictions. In the web-interface, only a
number can be selected, which relates to Table 2.2.

� Default: [�low�, �medium�, �high�]

� Related Section: 2.1

9. Whitelist Rules

� API parameter name: whitelist

� Description: A list of rules that are additionally proposed to the model, but may be
�ltered in Section 3.

� Default: A record list (e.g., �If CRIM is high AND If PTRATIO is high Then MEDV
is verylow�)

� Related Section: 2

10. Blacklist Rules

� API parameter name: blacklist

� Description: A list of rules that are excluded after the automatic generation.

� Default: A record list (e.g., �If CRIM is high AND If PTRATIO is high Then MEDV
is verylow�)

� Related Section: 2

Rule Filters

This section describes parameters used to �lter the generated rules based on various criteria before
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or after the regression analysis.

11. L1 Row Threshold (ϕr)

� API parameter name: rule_filters.l1_row_threshold

� Description: The Manhattan norm threshold applied row-wise to detect and �lter out
duplicate or near-duplicate records in the design matrix before the regression starts.

� Default: 0.1

� Related Section: 3.3

12. L1 Column Threshold (ϕc)

� API parameter name: rule_filters.l1_column_threshold

� Description: The Manhattan norm threshold applied column-wise to identify and remove
redundant basis functions (rules) before the regression starts.

� Default: 0.1

� Related Section: 3.3

13. Dependency Threshold

� API parameter name: rule_filters.dependency_threshold

� Description: The threshold for the norm of the residual from the Gram-Schmidt orthog-
onalization process. If a rule's residual vector norm falls below this value, it is considered
linearly dependent on previously processed rules and can be removed. Setting this hy-
perparameter to 0 disables this check.

� Default: 0

� Note: This parameter is deprecated and not covered in this thesis, as experiments showed
it was generally unnecessary after the introduction of Lasso regularization.

14. Signi�cance Level (α)

� API parameter name: rule_filters.significance_level

� Description: The signi�cance level (α) used with the null hypothesis H0 : βi = 0 to
determine if the i-th rule's coe�cient is statistically signi�cant. The supplied value of
the signi�cance level is only relevant if the options �Compute pValues� (Parameter 6) and
�Remove Insigni�cant Rules� (Parameter 15) are enabled.

� Default: 0.05

� Related Section: 5
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15. Remove Insigni�cant Rules

� API parameter name: rule_filters.remove_insignificant_rules

� Description: If true (and if p-value computation is enabled, see Parameter 6), the tool
automatically removes rules that fail the statistical signi�cance test (i.e., those with p-
values greater than or equal to the signi�cance level α).

� Default: false

� Related Section: 3.5

16. Only Whitelist

� API parameter name: rule_filters.only_whitelist

� Description: When true, this option disables the automatic rule generation process, forc-
ing the system to exclusively use the rules provided in the whitelist (Parameter 9).

� Default: false

� Related Section: Rule Generation in 2

Rule Priority Filtering: Parameters to enable and con�gure rule �ltering based on a calculated
priority score.

17. Enabled

� API parameter name: rule_filters.rule_priority_filtering.enabled

� Description: Enables the �ltering of rules based on a computed priority score. This score
is derived from metrics like support and leverage, the number of antecedents, whitelist
status, and the corresponding weights (parameters 19-22).

� Default: false

� Related Section: 3.2

18. Min Priority

� API parameter name: rule_filters.rule_priority_filtering.min_priority

� Description: The minimum priority score a rule must achieve to be retained during the
priority �ltering process. Rules scoring lower than this threshold are removed. Note that
priorities can be negative as the leverage may be negative.

� Default: 0.04

� Related Section: 3.2

Rule Priority Weights: These weights are always used for sorting rules, particularly relevant for
the dependency threshold check (Parameter 13). If rule priority �ltering (Parameter 17) is enabled,
these weights determine the priority score used for �ltering.
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19. Support Weight

� API parameter name: rule_priority_weights.support_weight

� Description: The weight assigned to the rule's support metric (the proportion of records
where the rule holds true in a discretized form of the data) when calculating its priority
score.

� Default: 1

� Related Section: 3.2

20. Leverage Weight

� API parameter name: rule_priority_weights.leverage_weight

� Description: The weight assigned to the rule's leverage metric, which measures how much
more often the antecedents and consequent appear together than expected by chance
(deviation from statistical independence). Note that this metric can be negative.

� Default: 10

� Related Section: 3.2

21. Antecedents Weight

� API parameter name: rule_priority_weights.num_antecedents_weight

� Description: A weight applied to the inverse of the number of antecedents in a rule. This
typically acts as a penalty for more complex rules (rules with more antecedents) when
calculating priority.

� Default: 1

� Related Section: 3.2

22. Whitelist Weight

� API parameter name: rule_priority_weights.whitelist_boolean_weight

� Description: An additive weight applied to any rule present in the whitelist (Parameter
9). This boosts the priority of whitelisted rules, potentially preventing them from being
�ltered out by priority �ltering if con�gured appropriately.

� Default: 1000

� Related Section: 3.2
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Remove Rules With Low Coe�cients: This con�guration option has a higher parameter index
since it was the last to be introduced during the �nal stages of re�ning this thesis.

31. Minimum coe�cient magnitude

� API parameter name: rule_filters.coefficient_existence_threshold

� Description: Rules with a Lasso coe�cient magnitude lower than this value will be ignored
for statistical testing, as their coe�cient is assumed to be e�ectively zero. This serves as
a performance optimization by skipping tests for rules with negligible impact.

� Default: 10−8

� Related Section: 3.4

Lasso Con�guration

This section focuses on parameters controlling the Lasso regression process, including regularization
strength and convergence criteria.

23. Regularization (λ)

� API parameter name: lasso.regularization

� Description: The regularization parameter (λ) for Lasso, used in Algorithm 1 and Algo-
rithm 3. It controls the strength of the ℓ1 penalty, managing the trade-o� between model
�t and coe�cient sparsity. Higher values lead to more sparsity (more coe�cients shrunk
to zero).

� Default: 1

� Related Section: 4, especially Equation (4.9)

24. Max Lasso Iterations (tmax)

� API parameter name: lasso.max_lasso_iterations

� Description: The maximum number of iterations (tmax) allowed for the Lasso coordi-
nate descent algorithm. The algorithm terminates upon convergence (determined using
Parameter 25) or when this limit is reached, whichever happens �rst.

� Default: 105

� Related Algorithm: 1

25. Lasso Convergence Tolerance (ϵ)

� API parameter name: lasso.lasso_convergence_tolerance

� Description: The convergence threshold ϵ in Algorithm 1. The iterative Lasso algorithm
is considered converged when the maximum absolute change in coe�cients between suc-
cessive iterations falls below this value.
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� Default: 10−4

� Related Algorithm: 1

26. Re-Fit After Statistical Removal

� API parameter name: re_fit_after_removing_insignificant_rules

� Description: If true (and if insigni�cant rules are removed via Parameter 15), the Lasso
regression model is re-�tted using only the remaining signi�cant rules. This updates the
coe�cients based on the reduced rule set.

� Default: false

� Related Section: 3.5

� Note: Currently (commit b338d80), using a separate regularization parameter for the
re-�tting step is not supported.

27. Only Allow Positive Coe�cients

� API parameter name: lasso.only_allow_pos_coeff

� Description: If set to true, this option modi�es the soft-thresholding operator within the
Lasso algorithm to only permit non-negative coe�cients (see Equation (4.17)), which is
also referred to as the NNST model variant in this thesis. This enforces positive rule
contributions, potentially improving interpretability in certain contexts.

� Default: false

� Related Section: 4.2.1

Outlier Filtering

Con�guration for removing outliers from speci�c numerical columns prior to the analysis. This is
particularly recommended for the target variable.

28. Add Filter (Mechanism)

� API parameter name: outlier_filtering

� Description: Provides con�guration for outlier removal on speci�c numerical columns.
This parameter accepts an object where keys are column names (e.g., �Salary�) and val-
ues specify the �ltering method (e.g., �VariableBounds�, �IQR�) and its corresponding
parameters (e.g., min/max bounds, IQR multiplier). Multiple columns can be con�gured
independently.

� Default: None (no �ltering applied by default)

� Related Section: 3.1

� Example Usage: See the Readme.md �le in the GitHub repository [5] for detailed examples
like specifying bounds for �Salary� or using the IQR method for �TAX�.



Appendix 56

Additional Con�guration Options

The following con�guration parameters o�er additional options that are rarely needed, and are
therefore listed at the end.

29. Remove Low Variance

� API parameter name: remove_low_variance

� Description: If true, numerical columns of the CSV-�le with variance below the speci-
�ed threshold (Parameter 30) are removed from the analysis rather than merely being
mentioned in the �Warnings� section of the output.

� Default: false

30. Variance Threshold

� API parameter name: variance_threshold

� Description: Fields with a variance below this threshold are �agged as low-variance. This
helps in improving the rank of the design matrix.

� Default: 10−5

� Related Section: 2.2

� Return Contributions (Not available in web interface)

� API parameter name: return_contributions

� Description: When set to true, the output includes the contribution matrix C from
Section 1.3.2, which shows the normalized contribution (as originally conceptualized in
[1]) of every rule for each record.

� Default: false

� Related Section: 1.3.2

7.3 Boston Housing Dataset Rules

The following two tables o�er a complete list of the resulting rulesets obtained in Section 6.1.3. Table
7.6 lists all rules for the NNST model, where the p-values have to be interpreted more cautiously
because the statistical test does not formally align with NNST (cf., Section 4.2.1). This does not
in�uence the p-values in Table 7.7, which might, however, be harder to interpret because of rules
with negative coe�cients being included.

Table 7.6: Rules from the NNST model in Section 6.1.3 on the Boston housing dataset [27]

Rule Title Coe�cient p-value Priority

If RM is veryhigh AND RAD is low Then MEDV is very-
high

0.7 0.013 0.64

If DIS is low AND PTRATIO is veryhigh Then MEDV is

low
0.53 0.011 0.79
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Rule Title Coe�cient p-value Priority

If RAD is veryhigh AND LSTAT is verylow Then MEDV
is veryhigh

0.37 < 0.001 0.56

If AGE is low AND DIS is low Then MEDV is medium 0.28 0.946 0.64
If RM is high AND LSTAT is verylow Then MEDV is very-
high

0.26 0.044 0.72

If CRIM is medium Then MEDV is low 0.22 0.545 1.0
If RM is high AND PTRATIO is verylow Then MEDV is

high
0.21 < 0.001 0.64

If LSTAT is high Then MEDV is low 0.2 0.456 1.01
If INDUS is verylow AND TAX is verylow Then MEDV is

veryhigh
0.2 < 0.001 0.6

If CHAS is verylow AND RM is veryhigh Then MEDV is

veryhigh
0.19 0.171 0.62

If NOX is high AND LSTAT is high ThenMEDV is verylow 0.19 0.801 0.72
If ZN is verylow AND LSTAT is low Then MEDV is

medium
0.18 0.009 0.88

If CRIM is verylow AND RM is high Then MEDV is very-
high

0.17 0.05 0.69

If DIS is verylow AND LSTAT is verylow Then MEDV is

veryhigh
0.16 0.554 0.68

If AGE is high AND B is low Then MEDV is low 0.15 0.305 0.57
If INDUS is high AND NOX is high ThenMEDV is verylow 0.14 0.892 0.85
If CHAS is veryhigh AND NOX is medium Then MEDV is

veryhigh
0.14 0.115 0.6

If DIS is verylow AND B is verylow ThenMEDV is verylow 0.11 0.086 0.65
If RM is high AND PTRATIO is low Then MEDV is very-
high

0.11 0.028 0.66

If RM is low AND RAD is low Then MEDV is low 0.11 0.064 0.66
If LSTAT is veryhigh Then MEDV is low 0.11 0.305 1.03
If TAX is veryhigh AND LSTAT is high Then MEDV is

verylow
0.1 0.823 0.82

If AGE is veryhigh AND LSTAT is medium Then MEDV
is verylow

0.1 0.445 0.63

If DIS is verylow AND LSTAT is high ThenMEDV is very-
low

0.1 0.832 0.82

If NOX is medium AND LSTAT is high Then MEDV is

verylow
0.1 0.819 0.6

If CRIM is high Then MEDV is low 0.09 0.076 0.98
If CRIM is low AND NOX is high Then MEDV is verylow 0.08 0.886 0.78
If CHAS is veryhigh AND PTRATIO is high Then MEDV
is veryhigh

0.07 0.186 0.55

If NOX is low AND RM is veryhigh Then MEDV is very-
high

0.07 0.459 0.56

If CRIM is verylow AND LSTAT is verylow Then MEDV
is veryhigh

0.07 0.006 0.84

If AGE is veryhigh AND LSTAT is high Then MEDV is

verylow
0.06 0.724 0.77
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Rule Title Coe�cient p-value Priority

If NOX is medium AND LSTAT is verylow Then MEDV is

veryhigh
0.06 0.865 0.68

If LSTAT is verylow Then MEDV is veryhigh 0.06 0.333 1.34
If TAX is veryhigh AND LSTAT is medium Then MEDV
is verylow

0.06 0.828 0.7

If RM is veryhigh AND DIS is low ThenMEDV is veryhigh 0.05 0.272 0.56
If RM is high AND AGE is low Then MEDV is veryhigh 0.05 0.296 0.59
If INDUS is high AND LSTAT is verylow Then MEDV is

veryhigh
0.05 0.935 0.64

If RM is high AND RAD is low Then MEDV is veryhigh 0.05 0.9 0.66
If CHAS is veryhigh AND B is veryhigh Then MEDV is

medium
0.04 0.548 0.55

If CRIM is verylow AND B is veryhigh ThenMEDV is high 0.04 0.254 0.71
If CHAS is verylow AND PTRATIO is high Then MEDV
is low

0.04 0.207 1.1

If CHAS is verylow AND LSTAT is medium Then MEDV
is verylow

0.04 0.11 0.65

If CRIM is medium Then MEDV is verylow 0.02 0.644 1.06
If NOX ismedium AND PTRATIO is veryhigh ThenMEDV
is low

0.02 0.409 0.66

If CHAS is veryhigh AND RM is high Then MEDV is very-
high

0.02 0.959 0.58

If INDUS is high AND B is low Then MEDV is verylow 0.01 0.607 0.57
If INDUS is high AND LSTAT is medium Then MEDV is

verylow
0.01 0.431 0.67

If DIS is verylow AND LSTAT is medium Then MEDV is

verylow
0.0 0.404 0.69

If AGE is low AND DIS is low Then MEDV is high 0.0 0.858 0.57

Table 7.7: Rules from the default model in Section 6.1.3 on the Boston housing dataset [27]

Rule Title Coe�cient p-value Priority

If RM is veryhigh AND RAD is low Then MEDV is very-
high

0.68 0.003 0.64

If DIS is low AND PTRATIO is veryhigh Then MEDV is

low
0.53 0.001 0.79

If RAD is veryhigh AND LSTAT is verylow Then MEDV
is veryhigh

0.36 < 0.001 0.56

If AGE is low AND DIS is low Then MEDV is medium 0.26 0.023 0.64
If RM is high AND LSTAT is verylow Then MEDV is very-
high

0.24 0.01 0.72

If INDUS is high AND NOX is high ThenMEDV is verylow 0.22 0.371 0.85
If INDUS is verylow AND TAX is verylow Then MEDV is

veryhigh
0.2 < 0.001 0.6

If DIS is low AND RAD is low Then MEDV is medium 0.19 0.003 0.81
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Rule Title Coe�cient p-value Priority

If CRIM is verylow AND RM is high Then MEDV is very-
high

0.19 < 0.001 0.69

If CHAS is verylow AND RM is veryhigh Then MEDV is

veryhigh
0.18 0.023 0.62

If AGE is veryhigh AND LSTAT is medium Then MEDV
is low

0.18 0.166 1.33

If RM is high AND PTRATIO is verylow Then MEDV is

high
0.16 0.012 0.64

If NOX ismedium AND PTRATIO is veryhigh ThenMEDV
is low

0.15 0.17 0.66

If CHAS is veryhigh AND NOX is medium Then MEDV is

veryhigh
0.13 0.101 0.6

If CRIM is medium Then MEDV is low 0.13 0.429 1.0
If NOX is medium AND LSTAT is verylow Then MEDV is

veryhigh
0.11 0.023 0.68

If RM is high AND PTRATIO is low Then MEDV is very-
high

0.11 0.005 0.66

If RM is low AND RAD is low Then MEDV is low 0.1 < 0.001 0.66
If CRIM is verylow AND B is veryhigh ThenMEDV is high 0.1 0.157 0.71
If DIS is verylow AND LSTAT is verylow Then MEDV is

veryhigh
0.1 0.514 0.68

If AGE is veryhigh AND LSTAT is high Then MEDV is

verylow
0.09 0.249 0.77

If DIS is verylow AND LSTAT is high ThenMEDV is very-
low

0.09 0.931 0.82

If TAX is veryhigh AND LSTAT is high Then MEDV is

verylow
0.08 0.524 0.82

If DIS is verylow AND B is verylow ThenMEDV is verylow 0.08 0.134 0.65
If NOX is high AND LSTAT is high ThenMEDV is verylow 0.07 0.427 0.72
If CRIM is verylow AND B is veryhigh Then MEDV is

medium
0.07 0.411 1.34

If RM is high AND AGE is low Then MEDV is high 0.07 0.139 0.75
If NOX is low AND RM is veryhigh Then MEDV is very-
high

0.06 0.076 0.56

If CHAS is veryhigh AND PTRATIO is high Then MEDV
is veryhigh

0.06 0.046 0.55

If DIS is verylow AND LSTAT is medium Then MEDV is

verylow
0.05 0.515 0.69

If RM is veryhigh AND DIS is low ThenMEDV is veryhigh 0.05 0.261 0.56
If NOX is high AND DIS is verylow ThenMEDV is verylow 0.05 0.3 0.86
If NOX is medium AND LSTAT is high Then MEDV is

verylow
0.04 0.18 0.6

If RM is high AND RAD is low Then MEDV is high 0.04 0.979 0.79
If CRIM is medium AND TAX is veryhigh Then MEDV is

verylow
0.03 0.264 0.56

If INDUS is high AND LSTAT is verylow Then MEDV is

veryhigh
0.03 0.134 0.64
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Rule Title Coe�cient p-value Priority

If CHAS is veryhigh AND RM is high Then MEDV is very-
high

0.03 0.255 0.58

If CHAS is verylow AND PTRATIO is high Then MEDV
is verylow

0.02 0.37 0.91

If LSTAT is high Then MEDV is low 0.02 0.204 1.01
If CHAS is veryhigh AND B is veryhigh Then MEDV is

medium
0.01 0.994 0.55

If CRIM is low AND NOX is high Then MEDV is verylow 0.01 0.684 0.78
If RAD is verylow AND TAX is verylow Then MEDV is

high
0.01 0.405 0.66

If CHAS is verylow AND PTRATIO is high Then MEDV
is low

0.01 0.402 1.1

If AGE is high AND B is low Then MEDV is low 0.01 0.224 0.57
If CHAS is verylow AND LSTAT is medium Then MEDV
is verylow

0.0 0.128 0.65

If RM is high AND AGE is low Then MEDV is veryhigh 0.0 0.092 0.59
If CRIM is verylow Then MEDV is high 0.0 0.846 1.14
If CRIM is verylow AND B is veryhigh Then MEDV is low -0.0 0.387 0.58
If TAX is verylow Then MEDV is verylow -0.01 0.906 0.91
If LSTAT is high Then MEDV is medium -0.07 0.19 0.81
If LSTAT is verylow Then MEDV is verylow -0.28 0.03 0.88
If DIS is verylow AND LSTAT is low Then MEDV is low -0.29 < 0.001 0.67
If B is high AND LSTAT is low Then MEDV is low -0.36 0.014 0.57
If RAD is veryhigh AND LSTAT is low Then MEDV is low -0.37 < 0.001 0.69
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